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Abstract 

A seminal result by Whitney describes when two graphs have the same cycles. We 
consider the analogous problem for even cycle matroids. A representation of an even cycle 
matroid is a pair formed by a graph together with a special set of edges of the graph. Such a 
pair is called a signed graph. We consider the problem of determining the relation between 
two signed graphs representing the same even cycle matroid. We refer to this problem as the 
Isomorphism Problem for even cycle matroids. We present two classes of signed graphs and 
we solve the Isomorphism Problem for these two classes. We conjecture that, up to simple 
operations, any two signed graphs representing the same even cycle matroid are either in 
one of these classes, or related by a modification of an operation for graphic matroids, or 
belonging to a small set of examples. 

*email:ipivotto@sfu . ca; phone: (+1)778 782 5754 
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1 Introduction 



We assume that the reader is famiUar with the basics of matroid theory. See Oxley [jH for the 
definition of the terms used here. We will only consider binary matroids in this paper. Thus the 
reader should substitute the term "binary matroid" every time "matroid" appears in this text. 

Throughout this paper, we will consider graphs with multiple edges and loops. Let G be a 
graph. For a set X C E{G), we write Vg{X) to refer to the set of vertices incident with an edge 
of X and G[X] for the subgraph with vertex set Vg{X) and edge set X. A subset C of edges of 
G is a cycle if G[C] is a graph where every vertex has even degree. An inclusion-wise minimal 
non-empty cycle is a circuit. We denote by cycle (G) the set of all cycles of G. A cycle in a 
binary matroid M is the symmetric difference of circuits of M. Since the cycles of G correspond 
to the cycles of the cycle matroid of G, we identify cycle(G) with that matroid and say that G is 
a representation of that matroid. Cycle matroids are also referred to as graphic matroids. The 
classes of matroids considered in this work all arise from graphs. Hence, when referring to a 
representation of a matroid we will always mean a graphic representation of the matroid. When 
referring to a matrix representing a matroid over some field, we will refer to that matrix as the 
matrix representation of the matroid. 

We may ask when two graphs represent the same cycle matroid. We define an operation 
on graphs which preserves cycles as follows. Given sets A and B we denote hy A — B the set 
{a G A : a ^ B}. Given a set of edges X of G, we define the boundary of X in G as e^(j(X) = 
Vg{X) n Vg{X), where X = E{G) — X (we will always denote by X the complement of a set X). 
Consider a graph G and letX C E{G). Suppose that ^g{X) = {mi,M2} for some mi,M2 ^ ^(^)- 
Let G' be the graph obtained by identifying vertices u\,U2 of G\X] with vertices M2,mi of G[X] 
respectively. Then G' is obtained from G by a Whitney-flip on X. We will also call Whitney-flip 
the operation consisting of identifying two vertices from distinct components, or the operation 
consisting of partitioning the graph into components each of which is a block of G. 

It is easy to see that two graphs related by a sequence of Whitney-flips have the same cycles; 
in particular, they are representations of the same cycle matroid. In a seminal paper BU, Whitney 
proved that the converse also holds. 

Theorem 1 (Whitney dH). Two graphs represent the same cycle matroid if and only if they are 
related by a sequence of Whitney-flips. 
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In light of Theorem [T] we define two graphs to be equivalent if one can be obtained from the 
other by a sequence of Whitney-flips. 

Given a set of vertices U, we denote by dG{U) the cut induced by U, that is 5g{U) 
{(m,v) G E{G) : u E U,v ^ U}. We denote by cut(G) the set of all cuts of G. Since the cuts of 
G correspond to the cycles of the cut matroid of G, we identify cut(G) with that matroid and 
say that G is a representation of that matroid. Cut matroids are also referred to as co-graphic 
matroids, as they are duals of graphic matroids. Theorem[T]may be restated as follows. 

Theorem 2 (Whitney [|9j|). Two graphs represent the same cut matroid if and only if they are 
related by Whitney -flips. 

Theorem[T]and Theorem|2]provide solutions to the problem of determining when two graphs 
represent the same graphic or co-graphic matroid. We refer to this problem as the Isomorphism 
Problem. In this paper we study the Isomorphism Problem for the class of even cycle matroids. 

A signed graph is a pair (G,E) where G is a graph and E C £'(G). We call E a signature 
of G. A subset D C E{G) is 'L-even if \D fl E| is even (and L-odd otherwise). When there is no 
ambiguity we omit the prefix E when referring to E-even and E-odd sets. Given a signed graph 
(G,E), we denote by ecycle(G,E) the set of all even cycles of (G,E). It can be verified that 
ecycle(G, E) is the set of cycles of a matroid which we call the even cycle matroid. We identify 
ecycle(G, E) with that matroid and say that (G,E) is a representation of that matroid. Note that, 
if E is empty, all the cycles of (G, E) are even, hence ecycle(G, E) is a cycle matroid. Hence the 
class of even cycle matroids contains the class of cycle matroids. 

Isomorphism Problem for even cycles: What is the relation between two representations of 
the same even cycle matroid? 

The Isomorphism Problem has been solved for even cycle matroids which are graphic, by 
Shih (in his doctoral disseration, see [|7]|) and independently by Gerards, Lovasz, Schrijver, 
Seymour, Truemper (see [[0). We report the second result here, while Shih's result, which 
describes the structure of the graphs more precisely, is presented in Section |3j 

Theorem 3. Let (G, E) and (G', E') be signed graphs. Suppose that ecycle(G, E) = ecycle(G', E') 
and that this matroid is a cycle matroid. Then (G, E) and (G',E') are related by a sequence of 
Whitney-flips, signature exchanges, and Lovdsz-flips. 
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We need to define the terms "signature exchange" and "Lovasz-flip". Given a signed graph 
(G, E), we say that L' is obtained from E by a signature exchange if LAL' is a cut of G (where 
A denotes symmetric difference). Every set L' which may be obtained from L by a signature 
exchange is a signature of (G,E). It is easy to show that ecycle(G,E) = ecycle(G,E') if and 
only if E' is a signature of (G, E). 

Given a graph G we denote by loop(G) the set of all loops of G. Let (G,E) be a signed graph. 
A vertex 5 is a blocking vertex of (G,E) if every odd circuit of (G,E) either is a loop or uses s. 
A pair of vertices s,t is a blocking pair if every odd circuit of (G,E) is either a loop or uses at 
least one of s,t. Note that s is a blocking vertex (respectively s,t is a blocking pair) of (G,E) 
if and only if there exists a signature E' of (G,E) such that E' C d{s) Uloop(G) (respectively 
E'c5(5)u5(0uloop(G)). 

Consider a signed graph (G,E) and vertices vi,V2 G V(G), where EC 5g(vi) U 5g(v2) U 
loop(G). So vi,V2 is a blocking pair of (G, E). We can construct a signed graph (G',E) from 
(G,E) by replacing endpoints the x^y of every odd edge e with new endpoints x'^y' as follows: 

(a) if jc = vi and y — V2 then x' — y' (i.e. e becomes a loop); 

(b) if X = 3; (i.e. e is a loop), then x! = v\ and / = V2; 

(c) if jc = vi and y^v\,V2, then x' = V2 and / = y; 

(d) if X = V2 and y^vi, V2, then x' = vi and / = y. 

Then we say that (G',E) is obtained from (G,E) by a Lovasz-flip on vi,V2. It is easy to show 
that Lovasz-flips preserve even cycles. 

Suppose that (Gi,Ei) and (G2,E2) are signed graphs where Gi and G2 are equivalent and 
E2 is obtained from Ei by a signature exchange. Then we say that (Gi,Ei) and (G2,E2) 
are equivalent signed graphs. It is easy to see that, if G\ and G2 are equivalent graphs and 
ecycle(Gi,Ei) = ecycle(G2,E2) for some signatures Ei and E2, then (Gi,Ei) and (G2,E2) are 
equivalent. Thus the Isomorphism Problem is easily solved for signed graphs having equivalent 
underlying graphs. Therefore we focus on the Isomorphism Problem for the case that the two 
graphs are inequivalent. We say that two graphs Gi and G2 are siblings if G\ and G2 are in- 
equivalent and, for some signatures Ei and E2, we have ecycle(Gi,Ei) = ecycle(G2,E2). We 
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extend this terminology to the signed graphs and say that (Gi,Ei) and (02,^2) are siblings. We 
call the pair Ei,E2 the matching signature pair for Gi, G2. In we proved that for any pair of 
sibhngs the matching signature pair is unique up to signature exchange. 

In Section[2]we define another class of binary matroids, the class of even cut matroids, which 
is a generalization of the class of co-graphic matroids. A result proved in [i2j| shows the relation 
between the Isomorphism Problem for even cycle and even cut matroids. We report such result 
in Section [2] (which also contains preliminary results about even cycle matroids). 

We thus focus on the Isomorphism Problem for even cycles: in Section [3] we present two 
classes of siblings and we characterize all the operations relating two siblings in the same class, 
thus solving the Isomorphism Problem for these classes. We conjecture that, up to Whitney-flips, 
signature exchanges, Lovasz-flips and some reductions, every pair of siblings is either contained 
in one of these two classes, or is a modification of an operation for graphic matroids, or forms a 
sporadic example. 

Section]?] contains results about Whitney-flips in graphs, which are used in Sections ]5]and|6] 
The last two sections contain the proofs of the results stated in Section ]3] 

2 Preliminaries 

In this section we present some basic properties of even cycle matroids. In particular, we spec- 
ify what the bases and co-cycles are and present some simple results about connectivity. We 
introduce the class of even cut matroids and show the relation between pairs of representations 
of even cycle matroids and pairs of representations of even cut matroids. Finally, we introduce 
an operation which relates representations of some matroids which are both even cycle matroids 
and duals of even cut matroids. 

2.1 Bases and co-cycles 

Consider a signed graph (G,E). A set F C E{G) is dependent in ecycle(G, E) if and only if it 
contains an even cycle. As we consider graphs up to equivalence and identifying two vertices in 
distinct components of a graph is a Whitney-flip, we may assume without loss of generality that 
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G is connected. If (G, E) does not contain any odd cycles, then ecycle(G, E) = cycle(G) and a 
basis for ecycle(G, E) is just formed by a spanning tree of G. If (G, E) contains at least one odd 
cycle, every basis for ecycle(G,E) is formed by a spanning tree B together with an edge f G B 
forming an odd cycle with edges in B. 

The co-cycles of ecycle(G, E) are the subsets of ^(G) which intersect every even cycle with 
even parity. Hence we have the following. 

Remark 4. The co-cycles o/ecycle(G,E) are the cuts ofG and the signatures 0/(0,11). 

2.2 Connectivity 

Let M be a matroid with rank function r. Given X C E{M) we define Xm{X), the connectivity 
function of M, to be equal to r{X) + r{X) — r{E{M)) + 1. The set X is a k-separation of M if 
min{|X|, > and A,m{X) = k. M is ^-connected if it has no r-separations for any r < k. 
Let G be a graph and let X C E{G). The set X is a k-separation of G if min{|X|, \X\} > k, 
\S§g{^) \ = k and both G[X] and G[X] are connected. Note that with this definition two parallel 
edges of G form a 2-separation of G. A graph G is ^-connected if it has no r-separations for any 
r < k. We relate graph connectivity with connectivity for even cycle matroids. Recall that we 
denote by loop(G) the set of loops of G. A signed graph (G,E) is bipartite if G has no E-odd 
cycle. Equivalently, (G,E) is bipartite if E is a cut of G. We will make repeated use of the 
following result. 

Propositions. Suppose ecycle(G,E) is ^-connected. Then: 

(1) I loop(G) I < 1 and ife G loop(G) then e G E; 

(2) G\\oop{G) is 2-connected; 

(3) if G has a 2-separation X, then (G[X],EnX) and (G[X],EnX) are both non-bipartite. 

To prove Proposition [5} we require a definition and a preliminary result. Let (G, E) be a 
signed graph and X C E{G). We say that Z is a k-{i J) -separation of (G,E), where ij G 
{0, 1}, if the following hold: 

(a) X is a ^-separation of G; 
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(b) i = when (G[X],EnX) is bipartite and / = 1 otherwise; 

(c) 7 = when (G[X],EnX) is bipartite and j = 1 otherwise. 

Lemma 6. Let (G,E) be a non-bipartite signed graph and Ms := ecycle(G,E). For every k- 
{i, j)-separation X o/(G,E), we have Ams(^) = k + i + j — 1. 

Proof. Let r be the rank function of M := cycle (G) and rs be the rank function of Ms- As 
(G, E) is non-bipartite, a basis for Ms consists of a spanning tree 5 of G plus an edge e E B that 
forms a E-odd circuit with elements in B. Hence r5(M5) = r{M) + 1. Similarly, if (G[X],EnX) 
(respectively (G[X],EnX)) is non-bipartite, then the rank of X (respectively X) in Ms is one 
more that in M, otherwise the rank of X (respectively X) is the same in both matroids. Thus 
rs{X) = r{X)+i and rs{X) = r{X) + j. Hence 

Am,(X) = rsiX)+rsiX)-rsiMs) + 1 

= r{X) + i + r{X) +j- r{M) -1 + 1 
= Am(X) + / + j-1 
^k+i+ j-l 

□ 

Proof of Proposition^ Let M := ecycle(G,E). As M is 3-connected, it has no loops, no co- 
loops and no parallel elements. We may assume that (G,E) is non-bipartite, for otherwise M ~ 
cycle(G) and G is 3-connected. (1) Let e be a loop of G. Then e G E for otherwise e would be 
a loop of M. There do not exist distinct loops e,/ of G, for otherwise {e,/} would be a circuit 
of M and e,f would be in parallel in M. (2) Suppose that X is a l-(/, j)-separation of (G,E). 
By Lemma [6[ Xm{X) = 1 -|- / + j — 1 < 2. As M is 3-connected, X is not a 2-separation; hence 
either |X| = 1 or |X| = 1. The single element in X (or X) is not a bridge of G, for otherwise it 
is a co-loop of M. Hence X or X is a loop of G. (3) Suppose that X is a 2-(/, j)-separation of 
(G,E). As M is 3-connected, Xm{X) > 3. By Lemma|6} 2 + / + j — 1 > 3, hence i = j = I. □ 

2.3 Even cut matroids 

A graft is a pair (G, T) where G is a graph, T C V{G) and |r| is even. The vertices in T are the 
terminals of the graft. A cut 5{U)\$, T-even (respectively T-odd) if |r nf/| is even (respectively 
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odd). When there is no ambiguity we omit the prefix T when referring to T-even and T-odd cuts. 
We denote by ecut(G, T) the set of all even cuts of (G, T). It can be verified that ecut(G, T) is 
the set of cycles of a binary matroid, which we call the even cut matroid represented by (G, T). 
We identify ecut(G, T) with that matroid and say that (G, T) is a representation of that matroid. 
Note that, if T is empty, all the cuts of (G, T) are even, hence ecut(G, T) is a cut matroid. 

Isomorphism Problem for even cuts: What is the relation between two representations of the 
same even cut matroid? 

There is a close relation between the Isomorphism Problem for even cycle matroids and the 
Isomorphism Problem for even cut matroids, as the results of [|2l discussed in the next section 
indicate. 

Given a graph H, we denote by Vodd{H) the set of vertices of H of odd degree. Given a graft 
(G, T) we say that J C E{G) is a T-join of G if T = Vodd{G[J]). Note that, if 7 is a T-join of 
G, a cut C of G is T-even if and only if |Cn7| is even. We say that two grafts (Gi,ri) and 
(G2, T2) are equivalent if G\ and G2 are equivalent and a Ti-join of Gi is a r2-join of G2. Given 
equivalent graphs G\ and G2, it is easy to see that ecut(Gi,ri) = ecut(G2,72), for two sets of 
terminals T\ for G\ and T2 for G2, if and only if (Gi, Ti) and (G2, T2) are equivalent. 

Remark 7. The co-cycles o/ecut(G, T) are the cycles of G and the T -joins of (G, T). 
2.4 Pairing Isomorphism Problems 

Recall that two graphs are equivalent if they have the same cycles. We will make repeated use 
of the following result of Q- 

Theorem 8. Let Gi and G2 be inequivalent graphs. 

(1) Suppose there exists a pair 'Li,L2 CE{Gi) such that e,cyc\&{G\,lL\) = ecycle(G2,S2). For 
i = \ ,2, if (G,, E,) is bipartite define Q := 0; otherwise let Q be a Hi-odd cycle ofGi. Let 
Ti := VoddiGi[C3-,]). Then ecut(Gi, Ti) = ecut(G2, T2). 

(2) Suppose there exists a pair Ti C V{Gi) and T2 C y(G2) (where \Ti\, \T2\ are even) such 
that ecut(Gi,ri) = ecut(G2,72). For i = 1,2, ifTi = (d let E3_,- = 0; otherwise let ti G Ti 
andL^-i := Sciiti). Then ecycle (Gi,Ei) = ecycle(G2,E2). 
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Moreover, if they exist, the pairs Zi, E2 and T\, T2 are unique. 

Theorem [8] implies that, if Gi and G2 are siblings, then there exist Ti and T2 such that 
ecut(Gi,ri) = ecut(G2,72). In this case we also say that (Gi,ri) and (G2,72) are siblings and 
that Ti , T2 is the matching terminal pair for Gi , G2. 

2.5 Folding and unfolding 

In this section we define an operation that relates signed graphs with blocking pairs to grafts with 
four terminals. For our purpose the position of the loops is immaterial. Thus we will assume 
that all loops form distinct components of the graph. 

Consider a graph H with a vertex v and a C 5//(v) U loop(//). We say that G is obtained 
from H by splitting v into vi,V2 according to a if y(G) = y(//) — {v} U {vi, V2} and for every 
e = {u,w) eE{H): 

(a) if e ^ aU 5/f (v), then e = in G; 

(b) if e G loop(//) n a, then e = (vi , V2) in G; 

(c) if e E 5h (v) n a and w = v then e = (m, vi ) in G; 

(d) if e G 5/f (v) — a and w = v then e = (i/,V2) in G. 

Consider a signed graph (//,r) where T C 5/f (i') U 5/f (?) Uloop(//) for two distinct vertices 
s and? of //. Choose a,/3 C £(//), where aA/3 = T, a C 5(5) U loop (//), j8 C 5(f) U loop (//), 
and a n /3 n loop(i/) = 0. Construct a graft (G, T) as follows: 

(a) split s into si,S2 according to a; 

(b) split t into fi , t2 according to /3 ; 

(c) set T = {51, 52,^1, ^2}- 

Then the graft (G, T) is obtained by unfolding (H^T) according to vertices s,t and signature T 
(or according to vertices s,t and a,/3). Note that the resulting graft (G, T) depends on the choice 
of a,/3, not only on P. Finally, we say that {H.T) is obtained hy folding the graft {G,T) with 
the pairing si,S2 and ?i , ?2- We denote by M* the dual of a matroid M. 
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Remark 9. Let {H,T) be a signed graph with T C d{s) U 8{t) Uloop(//) and let {G,T) be a 
graft obtained by unfolding {H,r) according to s,t and T. Then: 

(1) a set of edges is an even cycle of{H,r) ifandonly if it is a cycle or a T-join ofG; 

(2) ecycle(//,r) =ecut(G,r)*. 

Proof. Suppose we choose a and /3 as in the definition of unfolding. Suppose that C is an even 
cycle of {H,r). For every v G V{H) — {s,t}, \5h{v) nC| = |5g(v) nC|, which is even. For 
i = 1,2, define d{s,i) := |Cn Scisi)] and d{t,i) := |Cn Sciti)]. Since C is a cycle, d{s, 1) and 
d{s,2) have the same parity and so do d{t, 1) and d{t,2). Note that a = 5g(5'i), /3 = and 
r = aA/3. Thus, as |Cnr| is even, d{s, 1) and d{t, 1) have the same parity. Thus d{s, 1), d{s,2), 
d{t, 1) and 2) are either all even or all odd. In the former case C is a cycle of G, in the later 
case it is a T-join of G. The converse is similar. Finally, (2) follows from (1) and Remark|7] □ 



3 Even cycle isomorphism 

In this section we provide a partial answer to the Isomorphism Problem for even cycle matroids. 
First we present a result by Shih that solves the Isomorphism Problem for even cycle matroids 
which are graphic. We show, as a direct consequence of the results in Section [241 that this also 



solves the Isomorphism Problem for even cut matroids which are co-graphic. In Sections 3.2 



and 3.3 we introduce two classes of even cycle siblings: Shih siblings and quad siblings. For 
each one of these classes we provide a list of operations and we show that any two siblings 
in the class are related by Whitney-flips and exactly one of these operations, thus solving the 
Isomorphism Problem for these two classes. 

We believe that solving the Isomorphism Problem for Shih siblings and quad siblings is 
a relevant step toward the solution of the Isomorphism Problem for 3-connected even cycle 
matroids. Suppose (Gi,Ei) and (G2,E2) are siblings such that ecycle(Gi,Ei) is 3-connected. 
We conjecture that there exist signed graphs {G[ , Ej ) and (Gj, Ej) such that, for / = 1 , 2, (G'-, E-) 
is obtained from (G/,E,) by a sequence of Whitney-flips, Lovasz-flips and signature exchanges 
and one of the following occurs: 

(1) (G;,E;) = (G^,Ey; 
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(2) (Gj,Ej) and (02,^,2) are either Shih siblings or quad siblings; 

(3) {G[ , L[ ) and (Gj, E'j) may be reduced; 

(4) (G'^,Ej) and {02,1^2) belong to a sporadic set of examples; 

(5) (G'^,Ej) and (G2,E2) are obtain by a local modification of representations of a graphic 
matroid. 



The reductions in part (3) are similar to, and include, the reductions described in Sections |3.2 
and 3.3 The small set of examples in part (4) arises from a construction as the one in Figure [T] 



Outcome (5) is constructed as follows. Let G be a graph and F) be a signed graph such that 




Figure 1: Siblings. Bold edges are odd. 

cycle(G) = ecycle(//,r). Suppose that e,/,^ are edges forming an odd triangle in {H.T). Let 
Vef be the vertex in H incident to e and /; define v fg and Veg similarly. Construct a graph H' 
by adding a new vertex v and three new edges e,f,g to H as follows: form a triad in 

H' incident to the new vertex v. The other end of e (respectively f,g) in H' is Vfg (respectively 
Veg, Vef). Now construct a graph G' from G by adding edges e,f,g, where e is parallel to e, f is 
parallel to / and g is parallel to g. Then ecut(//', {v, Vg/, Vgg, v/g}) = ecut(G', T'), where T' : — 
yoddiG[{e,f,g}]). Hence the graphs G' and H' are siblings. An example of this construction is 
given in Figure |2j This example arises from one of the constructions in Shih's theorem, which 
is discussed in the next section. 
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Figure 2: Modification of Shih's operation. Bold and shaded edges are odd, white vertices are 
terminals. 

3.1 The graphic and co-graphic case 

In this section we consider the Isomorphism Problem for even cycle matroids which are graphic. 
Suppose that for a signed graph {H.T), ecycle(//,r) is a graphic matroid. Hence there exists 
a graph G such that ecycle(//,r) = cycle(G). If {H.T) does not contain any odd cycles, then 
cycle(//) = cycle(G), the two graphs are equivalent and the Isomorphism Problem is solved. 
Thus we assume that {H.T) contains an odd cycle C. Every odd cycle of H can be gener- 
ated by C and a basis for the even cycles of H. Thus cycle(G) is a subspace of cycle(//) and 
dim(cycle(G)) = dim(cycle(//)) — 1. Moreover, if we know the structure of G and H, then we 
can determine the signature F by Theorem [8} as the signature pair is unique in this case. There- 
fore the following result (proved by Shih in his doctoral dissertation, see 0) provides an answer 
to the Isomorphism Problem for graphic even cycle matroids. 

Theorem 10. Suppose G and H are graphs such that cycle(G) is a subspace of cyc\e{H) and 
J/m(cycle(G)) = J/m (cycle (//)) — 1. Then there exist graphs G' and H', equivalent to G and H 
respectively, such that one of the following holds. 

(1) H' is obtained from G' by identifying two distinct vertices. 

(2) There exist graphs Gi , . . . , G4 ( not necessarily all non-empty ) and distinct vertices xt , yt , Zi G 
V{Gi) such that G' is obtained by identifying Xi^y^-i^zi+i to a vertex wi, for i = 1, ... ,4 
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(where the indices are modulo 4). Moreover, H' is obtained by identifying xi,X2,x^,X4 to 
a vertex x, identifying ji, J2, J3,y4 to a vertex y and identifying 11,12,13, za to a vertex z. 

(3) There exist graphs Gi, . . . , G^, with k>3, and distinct vertices Xi,yi,Zi G V(G,), for i = 
I,... ,k, such that G' is obtained by identifying zi, ■ ■ ■ ,Zk to a vertex z and, for i= \,. . . ,k, 
identifying and Xi to a vertex Wi (where the indices are modulo k). Moreover, H' is 
obtained by identifying 1 , Zi, Xi+ 1 to a vertex w'^, for i = I,. .. ,k ( where the indeces are 
modulo k). 

An example of outcome (2) is given in Figure |3} where dotted lines represent vertices that 
are identified. G' is the graph on the left and H' the graph on the right. Let Pi be a (y,z)-path 
in Gi and P2 be a {y,z) path in G2. Then Pi U/'2 is a cycle of H' and not a cycle of G'. Let 
T := VoddiG'[Pi UP2]) = {wi,W2,W3,W4}- By Theorem|8| ecut(G',r) = cut(//') and we may 
choose r := 5(j/{wi) (shaded in the figure). 




Figure 3: Shih operation 2. 

An example of outcome (3) is given in Figure |4| where the graph on the left is G' and the 
one on the right is H'. In this example we chose Gi to be the graph with edges 1,2, 3 as in the 
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figure. The arrows indicate how each piece is flipped. We may choose T := dQi{wi) (shaded in 
the figure). 





Figure 4: Shih operation 3. 



Note that Theorem 10 also answers the Isomorphism Problem for even cut matroids in the 
case that the even cut matroid represented by a graft (G, T) is co-graphic. In fact, by TheoremjS} 
we have cycle(G) = ecycle(//, F) if and only if ecut(G, T) = cut{H), for some set of terminals 
rof G. 

As the Isomorphism Problem is solved for graphic matroids, we will mostly consider non- 
graphic matroids in this paper. Let (//,F) be a signed graph. Suppose that F C dnis) Uloop(//) 
for some vertex sofH. Let G be obtained from H by splitting s according to F. Then cycle (G) = 
ecycle(//,F). Thus we have the following. 

Remark 11. Let {H,r) be a signed graph. If{H,T) has a blocking vertex, then ecycle(//,F) is 
a cycle matroid. 



3.2 The class of Shih siblings 

Let signed graphs (Gi,Ei) and (G2,S2) be siblings and let Ti.Ti be the matching terminal pair. 
If iTi I = 2 or |r2| = 2, we say that (Gi,Ei) and (G2,S2) are Shih siblings. 

Suppose that \T2\ =2 and let H2 be the graph obtained from G2 by identifying the two 
vertices in T2. Then ecut(G2,72) = cut(//2)- It follows that ecut(Gi,ri) = cut(//2)- Therefore 



Theorem 10 gives a characterization of Shih siblings. For example, the graphs Gi and H2 may 



14 



be as in Figure |4] and we may obtain G2 from the graph on the right by splitting a vertex (for 
example, w\) into vertices v"*" and v^. Then, up to resigning, Ei = 5g2(v^) and E2 is still 

Note that Theorem [10] completely characterizes the structure of Gi and H2 in cases (2) and 
(3) and G2 is obtained from H2 by simply splitting any vertex. Moreover, the matching signature 
pair is uniquely determined, by Theorem Isj However, if\Ti \ = \T2\ = 2, case (1) of the theorem 



occurs. What Theorem 10 states in this case is that there exist equivalent graphs H\,H2 such 



that, for i = 1,2, Hi is obtained from Gi by identifying two vertices. Hence Theorem 10 does 
not characterize the structure of the graphs in this case. Therefore we treat this type of siblings 
separately from the other Shih siblings and we provide an explicit characterization of them. Let 
signed graphs (Gi,Ei) and (G2,E2) be siblings and let T\,T2 be the matching terminal pair, 
where |ri| = \T2\ =2. For / = 1,2, let Hi be obtained from G, by identifying the two vertices 
in Ti. Then cut(//i) = ecut(Gi,ri) = ecut(G2,72) = cut(//2)- By Theorem [2| Hi and H2 are 
equivalent. This justifies the following definition. 

Consider a pair of equivalent graphs H\ and H2. Suppose that, for / = 1,2, we have a, C 
Uloop(///) for some v/ G V{Hi). Then, for / = 1, 2, let G, be obtained from Hi by splitting 
Vi into v'j' ,vf according to a, and let Ti := {v^,Vj^}. Since Hi and H2 are equivalent, cut(//i) = 
cut(iy2)- Thus 

ecut(Gi,ri) = cut(//i) = cut(//2) = ecut(G2,r2). 

In particular, if Gi and G2 are not equivalent, (Gi,ri) and (G2,72) are siblings. Let Ei,E2 be 
the matching signature pair for Gi,G2. If (Gi,Ei) and (G2,E2) are inequivalent we say that 
the tuple T = (//i, vi, ai,//2,V2, ^2) is a split-template and that (Gi,Ei) and (G2,E2) (respec- 
tively (Gi,ri) and (G2,72)) are split siblings which arise from T. Split siblings are a special 



type of Shih siblings, namely the type arising from outcome (1) in Theorem 10 An explicit 
characterization of split siblings representing a 3-connected matroid is given in Section 



3.3 The class of quad siblings 

Let (Hi^Ti) and {H2,T2) be a pair of equivalent signed graphs. Suppose that, for z = 1,2, 
r,- C 5Hj{vi) U 5Hj{wi) Uloop(//,), for some v/,w/ G V{Hi). Then, for i = 1,2, let {Gi,Ti) be the 
graft obtained by unfolding {Hi,Ti) according to v,, and a,,j8, (where F,- = a, A/3,). It follows 
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from Remark [9f 2) that 

ecut(Gi,ri) = ecycle(i/i,ri)* = ecycle(//2,r2)* = ecut(G2, 72). 

In particular, if Gi and G2 are not equivalent, (Gi,ri) and (G2,72) are siblings. Let Ei,E2 be 
the matching signature pair for Gi,G2. If Gi and G2 are not equivalent, we say that the tu- 
ple T = (//i,vi,wi, ai,/3i,//2,V2,W2, OCiil^i) is a quad-template and that (Gi,Ei) and (G2,E2) 
(respectively {G\ , T\ ) and (G2, 72)) are quad siblings which arise from T. An explicit character- 



ization of quad siblings representing a 3-connected non- graphic matroid is given in Section 3.5 



3.4 Isomorphism for Shih siblings 

Let signed graphs (Gi,Ei) and (G2,E2) be Shih siblings and let T\^T2 be the matching terminal 
pair. Suppose \T2\ = 2, and let H2 be the graph obtained from G2 by identifying the two vertices 
in T2. Then ecut(Gi,ri) = ecut(G2,72) = cut(//2) and some graphs G\ and equivalent to 



Gi and H2 respectively, satisfy one of the outcomes of Theorem [TOj Outcomes (2) and (3) 
completely characterize the structure of Gi and H2. The aim of this section is to provide a 
structural characterization of outcome (1). Recall that if outcome (1) occurs, then (Gi,Ei) and 
(G2,E2) are split siblings. The proof of the following result is given in SectionjS] 

Theorem 12. Let M be a 3-connected even cycle matroid. 7/'(Gi,Ei) and (G2,E2) are repre- 
sentations ofM which are split siblings, then they are either: 

(1) simple siblings, or 

(2) nova siblings, or 

(3) can be reduced. 

It remains to define the terms "simple siblings", "nova siblings", and "reduced". We need some 
preliminary definitions. 

By a sequence (Xi , . . . .X^) we mean a family of sets {Xi , . . . , X^} where Xi precedes Xj when 
i < j. We say that § = (Xi, . . . ,Xyt) is a w-sequence of G if, for all i G [k], Xi is a 2-separation 
of the graph obtained from G by performing Whitney-flips on Xi, . . . (in this order). We 
denote by Wflip[G,§] the graph obtained from G by performing Whitney-flips on Xi, . . . (in 
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this order). For our purpose the position of loops is irrelevant. Hence we will assume that loops 
form distinct components of the graph. Therefore, if G and G' are equivalent graphs that are 
2-connected, except for possible loops, then G' = Wfl,p[G,§] for some w-sequence S of G. 

A family § = {Xi , . . . of sets of edges of a graph G is a w-star if 

(a) Xi n Xj = 0, for all distinct /, j e [k] ; 

(b) there exist distinct z, vi , . . . , Vyt G V{G) such that ^ci^i) = {z, v/}, for all i E [k] ; 

(c) no edge with ends z, Vi is in Xi, for all / G [k] . 

Vertex z is the center of the w-star §. 

Consider a split-template {H\,v\,a\,H2^V2:(X,2)- If Hi and H2 are 2-connected, except for 
possible loops, we have that H2 = Wfl,p[//i,§] for some w-sequence §. In this case we slightly 
abuse terminology and say that {Hi,v\, (Xi,H2, V2, Of2,S) is a split-template. This is only defined 
for the case where Hi and H2 are 2-connected, up to loops. Thus, when specifying a w-sequence 
§ for a slip-template, we will implicitly assume that Hi and H2 are 2-connected, except for 
possible loops. 

Remark 13. LetT= {Hi,vi,ai,H2,V2,0C2) be a split-template and let (Gi^Li) and {G2-,'^2) be 
split siblings that arise from T. Then, up to signature exchange, we have Ei = E2 = CUi AoC2- 

Proof. For / = 1,2, vertex of Hi gets split into vertices vj of G,. By construction, a,- = 
5g,(v^^), for / = 1,2. As Vj^ G Ti, Theorem [s] implies that ai is a signature of (G2,E2). As a2 
is a cut of G2, aiAa2 is a signature of (G2,E2). By symmetry, aiAa2 is also a signature of 
(Gi,Ei). □ 



3.4.1 Simple twins 

Consider a split-template T = {Hi , vi , tti , //2, V2, Ct2, S) • If S = 0, i.e. Hi = H2, then T is simple 



and (Gi,Ei) and (G2,E2) arising from T are simple twins. By Remark 13. we may assume that 
El = E2 = Aa2- Suppose that vertex vi of Hi gets split into vertices Vj^ and of Gi. Then 
tti G (vY) and a2 G Sc^ (V2). Hence, Vj" and V2 form a blocking pair of (Gi,Ei). Thus we 
have the following. 
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Remark 14. Simple twins have blocking pairs. 



It can easily be verified that two simple twins are related by Lovasz-flips. 
3.4.2 Nova twins 

Let (G, E) be a signed graph with distinct vertices si and S2. For / = 1,2, let C, denote a circuit 
of Hi using Si and avoiding 53_, . Suppose that Ci and C2 are either vertex disjoint or that Ci and 
C2 intersect exactly in a path. In the former case let P denote a path with ends w, G Vg(Q) ^ {^i}^ 
for i= \,2, such that VgI-P) n (Vg(Ci) U Vg(C2)) = {mi,M2}- In the latter case define P to be 
the empty set. Then we say that the triple (Ci,C2,/') form {si,S2} -handcuffs. We say that 
X C G is a handcuff-separation if X is a 2-separation of G and there exist {5i,52}-handcuffs of 
(G[X],EnX), where ^'1,^2 are the vertices in ^q{X). 

A split-template T = {Hi , vi , tti , //2, V2, ^2, §) is nova if, for / = 1,2: 
(Nl) S is a w-star of Hi with center v,-, and 

(N2) all X' C X G § with ^hXX') = ^Hi{X) are handcuff-separations of {Hi, tti Aa2). 

We say that (Gi,Ei) and (G2,E2) arising from T are nova twins. An example of nova twins 
is given in Figure |5| where dotted lines denote vertices which are identified. We could have 



defined nova twins omitting condition (N2). This would yield a weaker version of Theorem 12 
However, the stronger version is needed for an upcoming paper on stabilizer theorems for even 
cycle matroids. 



3.4.3 Shih siblings 

We say that (Gi,Ei) and (G2,E2) are simple (respectively nova) siblings if, for i = 1,2, there 
exists (G^,E^) equivalent to (G;-,E/) such that (Gj,E'J and (G2,E2) are simple (respectively 
nova) twins. 
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Figure 5: Example of nova twins with |S| =2. 



3.4.4 Reduction 

Consider grafts (Gi, Ti) and (G2, 72) where, for « = 1, 2, 7]- consists of vertices v^, v^^. We write 
(Gi , 7i ) © (G2, 72) to indicate the graft (G, T) where G is obtained from Gi and G2 by identify- 
ing vertex with V2 and by identifying vertex Vj" with vertex V2 . Denote by v~ (respectively 
v"*") the vertex in G corresponding to v]" , V2 (respectively , v^") and let T = {v~ , v"*"}. Note that 
(G, T) is defined uniquely from (Gi, Ti) and (G2, 72) up to a possible Whitney-flip on E{G\). 

Consider split siblings (Gi,Ei) and (G2,S2) and let Ti,T2 be the matching terminal pair. 
Suppose that there exists X C E{Gi) such that ^G\_{^) = Ti. For / = 1,2, let Hi be obtained 
from Gi by identifying the vertices in 7} to a single vertex v,. Then T/i \X] is a block of Hi 
attached to vertex vi. As (Gi,ri) and (G2,72) are split siblings, 7/2 [X] is also a block of H2 
attached to vj. It follows that ^Cii^) = Ti- For / = 1,2, define G- := Gi[X] and G" := Gi[X]. 
Let T- and 7]" denote the vertices corresponding to 7} in G^ and Gf respectively. Then, for 
/ = 1,2, (G/,7;) = (G;.,7;') © {G'UI'). Observe that {G\Jl) and (G^,r20 are split siblings and 
so are (Gj, T/') and (G2, 7^2"). We say in that case that (Gi,Zi) and (G2,S2) can be reduced. 

3.5 Isomorphism for quad siblings 

The main result of this section is the following. 

Theorem 15. Let M be a 3-connected non-graphic even cycle matroid. If {G\,'L\) and {G2,^2) 
are representations ofM which are quad siblings, then they are either: 
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(1) shuffle siblings, 



(2) tilt siblings, 

(3) twist siblings, 

(4) widget siblings, 

(5) gadget siblings, or 

(6) A-reducible. 



The proof of Theorem 15 is in Section |6j The terms "shuffle siblings", "tilt siblings", "twist 



siblings", "widget siblings", "gadget siblings" and "A-reducible" are defined in the next sections. 



3.5.1 Shuffle twins 



Consider a graph G and let {a,b,c,d} C V{G). Suppose that E{G) can be partitioned into sets 
Xi, . . . (not necessarily all non-empty) such that, for all i E [4], ^Q{Xi) C {a,b,c,d}. For 
all / e [4], denote by a,- (respectively bi,Ci,di) the copy of vertex a (respectively b,c,d) of G[X/]. 
Then construct G' by: 

• identifying vertices ai,Z72,C3, J4 to a vertex a'\ 

• identifying vertices Z7i,a2,<i3,C4 to a vertex b'\ 

• identifying vertices c\,d2,a-i,b^io di vertex c'; 

• identifying vertices d\ , C2, 04 to a vertex d' . 

We say that G and G' are shuffle twins. We will show that they are siblings with matching termi- 
nal pair {a,Z7,c, J} and {a' ,b' ,c' ,d'}. Shuffle twins were introduced by Norine and Thomas flU. 

Let H (respectively H') be obtained by folding (G, {a,Z7, c, J}) (respectively {G',{a',b', 
c' ,d'})) with the pairing a,b and c,d (respectively a' ,b' and c' ,d'). Let a := dcia), /3 := 5g(c), 
a' := 8Gi{a') and /3' := 8qi{c'). Then (//i, aA/3) and a'A/3') are equivalent, hence G and 
G' are quad siblings with matching terminal pair {a, b, c, d} and {a' ,b' , c', d'}. 
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Figure 6: Shuffle twins. Dotted lines denote vertices that are identified. 
3.5.2 Tilt twins 

Consider a graph G with distinct edges e,f,g,h E E{G) and distinct vertices a\, a2, bi, bi, 
c, d. Suppose that e and / have ends ai,a2 and g and h have ends bi,b2. Suppose we can 
partition E{G) into Xi,X2, {e,f,g,h}, such that Vcl^i) n Vg(^2) = {c,d} and ai,bi E ^0(^1), 
a2,^2 e Vg(^2)- For i= 1,2, denote by (respectively di) the copy of vertex c (respectively d) 
in G[X,]. Construct G' from G[Xi],G[X2] by: 

• identifying vertices ai and a2', 

• identifying vertices bi and bz; 

• joining ci and C2 with edges e and g; 

• joining di and J2 with edges / and h. 

We say that G and G' are twins. In general, we say that G and G' are tilt twins even if not all 
edges e,f,g,h in the above construction are present. Tilt twins were introduced by Gerards [[U. 

Let H (respectively H') be obtained by folding (G, {ai,a2,^i,&2}) (respectively (G',{ci, 
ci.di.dj})) with the pairing a 1,6(2 and bi,b2 (respectively ci,C2 and d\,d2). Let a := 5G(ai), 
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j8 := dcih), a' := ^^/(ci) and j8' := dddi). Then {Hi, aAfi) and (//2, a'AjS') are equivalent, 
hence G and G' are quad siblings with matching terminal pair {ai , ^2,^1, ^2} and {ci , C2, ^^i , ^^2}- 




Figure 7: Tilt twins. 



3.5.3 Twist twins 

Consider a graph G with distinct edges e,f,g,h and distinct vertices a\,a2,b,c,d. Suppose 
that e and / have ends 01,02 and ^ and h have ends Z7,c. Suppose we can partition E{G) into 
Zi,Z2,{e,/,g,/i} such that VG(^i)nVG(^2) = J} andaj e V(Zi),fl2 e V(Z2). For /= 1,2, 
let (respectively Cj,<i;) denote the copy of vertex b (respectively c, J) in G\Xi]. Construct G' 
fromG[Zi],G[Z2] by: 

• identifying vertices a\ and 02; 

• identifying vertices b\ and C2, calling the resulting vertex b; 

• identifying vertices c\ and &2> calUng the resulting vertex c; 

• joining b and c with edges ^ and g; 

• joining d\ and J2 with edges / and h. 

We say that G and G' are Av/s? twins. In general, we say that G and G' are twist twins even if not 
all edges h in the above construction are present. 
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Let H (respectively H') be obtained by folding (G, {ai,a2,&,c}) (respectively (G',{&,c, 
d\,d2})) with the pairing a\,a2 and b,c (respectively b,c and d\,d2). Let a := dciai), j8 := 
5g(^), a' := 8ci{b) and j8' := 8Gi{di). Then (//i, aA/3) and (//2, cc'Aji') are equivalent, hence 
G and G' are quad siblings with matching terminal pair {ai ,a2,b, c} and {b, c, d\ , ^2}- 




Figure 8: Twist twins. Dotted lines denote vertices that are identified. 



3.5.4 Widget twins 

Consider a graph H\ with distinct edges a, c, J, e, /, ^1 , ^2, ^3 , ^4 and distinct vertices vi , zi , wi 
and W2. Suppose that a and & have ends vi , W2; c and <i have ends zi , W2; e and / have ends vi , w\ 
andloop(/fi) = {£i,£2ihiU}- Suppose we can partition £■(//! ) intoX,{a,b,c,d,e,f},loop{Hi) 
such that (W2) = {fl,&,c,<i} and 3§Hi{^) = {v'i,zi,>vi}. Let //2 = Wflip[//i,{fl,&,c, J}]. Let 
the vertices in H2 which are not in 3§H2{{<^^b,c,d}) be labeled as in H\. Let V2 e V{H2) be 
the endpoint of c distinct from W2- Let 7 C (vi) fiZ. Define a\ := yU {a,e,£i,£2}; j^i := 
{e,/,£3,£4}; a2:=rU{/,c,£i,£3}andj82:={a,c,£2,^4}- LetT= (i/i,vi,wi, ai,/3i,//2,V2,W2, 
0(2, J82). Note that T is a quad-template. Let (Gi,Ei) and (G2,S2) be the quad siblings arising 
from T. We say that Gi and G2 are widget twins. 

3.5.5 Gadget twins 

Consider a graph H\ with distinct edges ai,b\,ci,d\, ^2, ^2, C2id2,ii , ^2, ^3, ^4 and distinct ver- 
tices vi,zi,Mi,>vi,>V2. Suppose that a, and bi have ends vi,>V(, for i— 1,2; ci and <ii have ends 
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ziwi; C2 and d2 have ends uiW2 and loop(//i) = {^1,^2,^3,^4}- Suppose that we can parti- 
tion £■(//!) into sets X, {ai,Z?i,ci,Ji, 6(2,^2, C2,<i2},loop(//i) such that = {ai,bi,Ci,di}, 
for i= 1,2, and = {vi,zi,mi}. Let H2 = Wa,,[Hu{{aubucudi},{a2,b2,C2,d2})]. 
Let the vertices in H2 which are not in .^//j ({'^15^2,^1, ^2, ci,C2,(ii,^i?2}) be labeled as in Hi. 
Let V2 G V{H2) be the endpoint of ci distinct from wi. Let 7 C 5/fj(vi) flX. Define OCi : = 
7U{ai, 02,^1,^2}, /3i := {ai,ci,£3,£4}, a2 = 7U {ci,C2,^i,^3} and /32 := {a2,C2,^2,^4}- Let 
T = (//i, vi,wi, ai,/3i, H2, V2, W2,a2,j82). Note that T is a quad-template. Let (Gi,Ei) and 
(G2,S2) be the quad siblings arising from T. We say that Gi and G2 are gadget twins. 



3.5.6 Quad siblings 

We say that signed graphs (Gi,Ei) and (G2,S2) are shuffle (respectively tilt, twist, widget, gad- 
get) siblings if, for i = 1,2, there exists (G-,E-) equivalent to (G,,E,) such that (Gj,Ej) and 
(G2,E2) are shuffle (respectively tilt, twist, widget, gadget) twins. 



3.5.7 A-reduction 



Consider siblings (Gi,Ei) and (G2,E2) and suppose that edges {^1,^2,^3} form a triangle of 
both Gi and G2 and (after possibly resigning) {ei , ^2, £3 } fl E, = 0, for / = 1,2. Let // be a graph 
with distinct vertices vi2,vi3,V23. For / = 1,2, let G'j be the graph obtained from G, by (for all 
distinct j,k E [3]) identifying the vertex of G/ incident to both ej and ek with the vertex vjk of 
H, and by then deleting the edges ei,e2,e3- We say that (Gj,Ei) and (G2,E2) are obtained by 
a IS.- substitution from (Gi,Ei) and (G2,E2) and that (Gi,Ei) and (G2,E2) are obtained by a 
/^-reduction from (G'^,Ei) and (G2,E2). By possibly omitting some of the edges of the triangle, 
we will make sure to not create parallel edges of the same parity when applying a A-reduction. 
Note that in this case (Gj,Ei) and (G2,E2) are also siblings. 

We say that siblings (Gi,Ei) and (G2,E2) are /^-irreducible if no A-reduction is possible in 
(Gi,Ei), (G2,E2), otherwise we say that the siblings are /^-reducible. We mainly consider A- 
reductions to simplify the definitions of the various types of quad siblings. For example, suppose 
that (Gi,Ei) and (G2,E2) are tilt twins, with the same notation as in the definition of tilt twins 



in Section 3.5.2 Suppose that G\ contains edges e\ and e2 with ends a\, c and a2,c respectively. 



24 



Then {e, ei , ^2} is an even triangle of both Gi and G2 and such a triangle may be substituted by 
any graph H. 



4 Whitney-flips 

In this section we provide results about equivalent graphs which will be used to prove Theo- 



rems 



1 2 and 1 5 A difficulty when dealing with Whitney-flips comes from crossing 2-separations. 
We show how, in the cases we are interested in, we can reduce to considering only Whitney-flips 
on non-crossing separations. Throughout this section graphs are 2-connected. However, the no- 
tions of w-sequences, the operation W^ip and the results in this section extend naturally to the 
class of graphs that are 2-connected except for possible loops. 



4.1 Whitney-flips avoiding vertices 



Recall the definitions of w-sequence and w-star given in Section 3.4 We say that two sets X 
and Y are crossing if all of X fl 7, X — 7, 7 — X and XDY are non-empty. A family of sets (or 
sequence) § is non-crossing if X and Y are non-crossing for every X, 7 G §. 

Remark 16. Let G be a graph and let § = (Xi, . . . ,Xyt) be a non-crossing w-sequence for G. 
Then for any permutation ii,. . . Jj^ofl,. . . ,k,S' = (X,j, . . . ,X,-(,) is a w-sequence anJ W^,p[G,§] = 
W,JG,§']. 

In light of the previous remark, given a non crossing w-sequence (Xi, . . . ,Xjt), we call the family 
S := {Xi, . . . ,X^} a w-sequence and the notation Wflip[G,§] is well defined. 

We can now state the first of the two main technical results of this section. 

Proposition 17. Let G and G' be 2-connected equivalent graphs and letZ C V{G), where \Z\ < 
2. Then there exist a w-sequence §1 of G and a graph H with a non-crossing w-sequence §2 
such that: 

(1) H = W^„ [G, §1], where Z n ^g{X) = 0, for allXeSi; and 

(2) G' = W^„[//,§2], where Zn^ciX)^®, for all X e §2- 
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Note that we cannot replace |Z| < 2 by |Z| < for any k > 2 in the previous proposition, as 
the following example illustrates. Suppose that G consists of edges 61,62,^3,64,65 that form a 
circuit with edges appearing in that order. Let G' be the graph obtained from G by rearranging 
the edges to form a circuit with edges appearing in order 61 , 63, 65, 62, 64. Suppose that Z consists 
of 3 consecutive vertices of the circuit in G. Then every 2-separation of G contains a vertex of 
Z but there is no non-crossing w-sequence § for which G' = W„ip[G,§]. 

The other main result of this section is the following. 

Proposition 18. Consider 2-connected equivalent graphs G and G' and let z EV{G) and z' G 
y (G'). There exist w-sequences L ofG, L' ofG' and graphs H and H' such that: 

(1) [G, L], where z ^ SSq^X), for all X e L; 

(2) H' = W^,„[G',L'], where z! ^ ^G'iX),for allX e h'; and 

(3) //' = W„„ [//,§], 

where § is a w-star ofH with center z and a w-star ofH' with center z! ■ 



Recall that w-stars were defined in Section 3.4 The proofs of Propositions 17 and 18 



are 



postponed until Section [43 The next section introduces flowers and contains results needed to 



prove Propositions [17] and 18 



4.2 Flowers 

For a graph H, we say that a partition F = . . . ,5^} of E(H), with ? > 2, is a flower if there 
exist distinct ui,...,Ut G V{H) such that (after possibly relabeling 5i, . . . ,Bt): 

(a) H[Bi\ is connected, for every / G [t], and 

(b) ^niBi) = for every i G [t] (where t + l denotes 1). 

For i G [t], Bi (or H[Bi\) is a petal with attachments Uj and We say that the flower is 

maximal if no petal has a cut-vertex separating its attachments. Maximal flowers correspond to 
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generalized circuits as introduced by Tutte in ||8l. The term flower was introduced to describe 
crossing 3-separations in matroids (see flU). 

Given two partitions Fi and F2 of the same set, we say that Fi is a refinement of F2 if every 
set in F2 is the union of sets in Fi. Note that, for every flower F, there is a maximal flower that 
is a refinement of F. Let §1 and §2 be families of sets over the same ground set. We say that Si 
and §2 are independent if, for every X G §1 and 7 G §2, ^ and Y do not cross. This definition 
extends to sequences of sets. Thus we may refer to pairs of independent w-sequences and pairs 
of independent flowers. For a graph H, we say that a partition F = . . . ,5/} of E{H), with 
? > 2, is a leaflet if there exist distinct wi , M2 ^ ^iH) such that: 

(a) H[Bi\ is connected, for every i G [t], and 

(b) ^H{Bi) = {mi,M2}, for every i G [t]. 

Remark 19. Let G be a 2-connected graph and let X and Y be 2-separations of G that cross. 
Then ¥ := {Xr\Y,X -Y,Y -X,Xr\Y} is either a flower or a leaflet. 

Let F be a flower of G. We say that a 2-separation X of G, where X is the union of petals of F, 
is a 2-separation of F. The following theorem characterizes pairs of independent flowers. 

Lemma 20. Let Fi and F2 be distinct maximal flowers ofG. The following are equivalent. 

(1) Fi and ¥2 are independent. 

(2) The set of all 2-separations o/Fi is independent from the set of all 2-separations of ¥2. 

(3) There exist petals Bi of¥i and B2 of ¥2 such that B\ C B2 and B2 C Bi. 

(4) There is no leaflet {51,52,^3,54} with Fi = {5i U52,53 U54} anJ F2 = {5i U53,52 U 
54}. 

Proof It is easy to see that (3) (2) and that (2) =^ (1). Let us show that (1) (3). 

Claim 1. For i= 1,2, no petal of¥i can be partitioned into a set S of petals of ¥1,-1 with |§| > 1. 

Proof. Suppose for a contradiction that 5,- G F, can be partitioned into a set § of petals of F3_,-, 
where |§| > 1. Let F' := §U {Bi}. Then F3_,- is a refinement of F', hence F' is a flower. It 
follows that the sets in S are petals of F/, a contradiction as F, is maximal. O 
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It follows from the claim that there exists a petal Bi E Fi that is not included in any petal of F2 
and that there exists a petal B2 E ¥2 such that 82(181 and 82—81 are non-empty. As 5i — ^2 is 
non-empty and 81 and 82 do not cross, by (1) we must have that 5i U52 = E{G), i.e. (3) holds. 
Let us show that (1) (4). Clearly, if (4) does not hold then neither does (1). Suppose (1) 
does not hold, i.e. some petals X G Fi and F G F2 cross. Let ¥ := {XnY,X -Y, Y-X,X n ?}. 
Remark [19] implies that F is either a flower or a leaflet. The former case contradicts the fact that 
Fi is maximal, and the latter case shows that (4) does not hold. □ 

Given sequences § = (5i , . . . , 5^) and §' = (5j , . . . , 5'^) we denote by § S' the concatenated 
sequence (5i , . . . , , . . . , 5'^) . Consider a flower F of G and let § be a w-sequence (Xi , . . . , X^) 
such that, for every i E [k] , Xj is a 2-separation of the flower F in the graph Wfl,p [G, (Xi , . . . , 1 )] . 
We then say that § is a w-sequence for the flower F of G. 

Remark 21. Let S be a w-sequence ofG and suppose that § = §1 QS2for some independent 
sequences §1 and §2- Let S' be obtained from § by rearranging the order of sets in § such that, 
for i = 1,2 and every X,Y E ifX precedes Y in it does so in §' as well. Then §' is a w- 
sequence ofG and W^,p[G,§] = W;,;p[G,§']. In particular, if¥i and ¥2 are independent flowers 
and, for i = 1,2, S,- is a w-sequence for flower ¥i, then Wjj;p[G, §1 §2] = Wj},p[G, §2 ^i]. 

Lemma 22. Let G andH be equivalent 2-connected graphs. Then there exists a set of maximal 
independent flowers Fi , . . . , F^ and there exists, for each i E [k], a w-sequence o/F,- such that 

// = W^,p[G,§i0...0§^]. 

Proof. Since G and H are equivalent and 2-connected, there exists a w-sequence § of G for 
which H = Wflip[G, §]. Let us proceed by induction on the cardinality £ of §. Let X be the last 
set in § and let §' be the sequence for which § = §' (X). Let F' be the maximal flower that 
refines {X,X}. If £ = 1, then F' and (X) are the required flower and corresponding sequence. 
Otherwise, by induction, there exists a set of maximal independent flowers Fi, . . . ,F^ and there 
exists, for each / G [r] , a w-sequence of F,- such that H = W„ip [G, §1 ... (X)] . Suppose 



that F' = F, for some / G [r]. Because of Remark 21 we may assume that F' = F^. Then 
Fi , . . . , F^ and §1 , . . . , (X) are the required flowers and corresponding w-sequences. Thus 
we may assume that F' is distinct from F,;, for all / G [r]. Suppose that F' is independent from 
Fi , . . . , F^. Then Fi , . . . , F^, F' and §1 , . . . , S^, (X) are the required flowers and corresponding 
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w-sequences. Hence, we may assume that for some i E [r], ¥' and F,- are not independent. 



Because of Remark 21 we may assume that F' and F^ are not independent. It follows from 
Lemma [20| that there exists a leaflet {5 1,52,53,54} of i^' := Wflip[G,§i . . . S^_i], where 
F^ = {5iU52,53U54} and F' = {5i U53,52 U54}- Hence = (5iU52) andX=5iU53. It 
follows that Wfl,p [//',§, (X )] = Wfl,p [//' , (^2 U £3 ) ] . Then F 1 , . . . , F^ and § 1 , . . . , 1 , (^2 U £3 ) 
are the required flowers and corresponding w-sequences. □ 

Let G be a graph and let F = . . . be a flower of G. If H = Wfl,p[G, (5,)] for some i E [t], 
then we say that H is obtained from G by reversing petal 5,-. We say that distinct petals 5, and 
Bj are consecutive in F if VciBi) fl VciBj) ^ Ql. 

Lemma 23. Let F be a flower of a graph G and let 51,^2,53,54 be petals of¥. We can flnd 
a non-crossing w-sequence Sof¥ such that, for H := W;,;p[G,§], both Bi.Bj and 53,54 are 
consecutive petals of¥ in H. 

Proof There exists a flower F' = {5'i,5^,5'3,5;^} such that: 

• F is a refinement of F'; 

• 5,C5^for/= 1,2,3,4; 

Since F' has only 4 petals, there is a non-crossing w-sequence S' of F' such that, for H' : — 
Wflip [G, S'] , 5j , B2 , 53 , 54 appear consecutively in H'. As H can be obtained from H' by possibly 
reversing some of the petals of F', the result follows. □ 



4.3 Proof of Propositions 17 and 18 



Lemma 24. Let ¥ be a flower ofG, let h be a w-sequence for flower ¥, and let H = W^,p[G,L] 
Consider Z C V{G), where \Z\ < 2. Then there exists a w-sequence h' h" ofG such that: 



(1) // = W,„[G,L'0L"]; 

(2) Zn ^ciX) = 0, for all X E h'; 
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(3) h" is non-crossing. 

Proof. We only consider the case where Z = {zi.zi} and where both z\ and Z2 are attachments 
of F in G, as the other cases are similar. For i= 1,2, there exist consecutive petals 5, and B'^ in G 
such that Zi E ^ciBi) H ^g(^D • Note that H is obtained from G by first permuting the petals of 
F and then by reversing a subset of the petals. Since the petals are 2-separations that do not cross 
any 2- separation of F, we may assume that H is obtained from G by only permuting the petals 



of F. It follows from Lemma 23 that there is a non-crossing w-sequence L" of H such that, in 
H' := Wflip[//,L"], B\,B\ and Bi.B'j are consecutive. Moreover, we can assume (by possibly 
reversing petals) that Zi G ^wi^i) n ^h'{B[), for z = 1,2. Let F' be the flower obtained from F 
by replacing, for / = 1,2, petals 5/ and B'^ by a unique petal Bi U B'-. Then let L' be a w-sequence 
for flower F' such that W„ip [G, L'] =H'. □ 

We are now ready for the proof of the first main result. 



Proof of Proposition 17 We say that a set of sequences §i,§25lL' satisfies property (P) if there 



exist graphs H and H', where §i, §2 and L are w-sequences of G, H' and H respectively, and 

(1') H = Wflip[G,§i], where Zn^ciX) = 0, for allX G §1; 
(2') //' = W„,[//,L]; 

(3') G' = Wflip[//',§2] and §2 is non-crossing. 

As we can choose §1 = §2 = © and since G and G' are equivalent, a set of sequences §i,§25lL' 
satisfying property (P) exists. Lemma [22] implies that there exist maximal independent flowers 
Fi, . . . ,Fyt and there exists, for all i E [k], a w-sequence L,- for F,- such that H' = Wfl,p[//,Li 
■■■Qhk]. 

Among all choices of Si,S25lL'i, . . . where Si,S25lL'i ■ ■ ■ L/- satisfy property (P), 



choose one that minimizes k. Suppose k > 0. Apply Lemma 24 to the sequence Li and let 



Lj and L'/ correspond to L' and L," in the statement of the lemma. Define, 

§i:=§i0L; §2:=Li0§2- 
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Since flowers Fi , . . . , F^t of // are independent, Lj is independent from L2 ■ ■ ■ L^t (see Propo- 
sition 20). Therefore, by Remark [2Tj 



G' = Wfl,p [G, §1 L2 ■ ■ ■ Lfe §2] . 

Then §i,§25lL'2 ■ ■ ■ contradict our choice of §i,§25lL'i,L2. Thus k = 0. Note that, if 
Zn e^G(^) = for some X e §2, then we can redefine §1 to be §1 {X) and §2 to be §2 - {^}. 
Hence we may assume that Z fl SSq{X) ^ for all X G §2 and the result follows. □ 

Remark 25. Let G be a graph, let She a non-crossing w-sequence ofG, and let G' = Wy,,p[G, §]. 
Suppose that there exist Xi.Xj.X^ G §, where Xi CX2 CX3 andXi,X2,Xj, have distinct bound- 
aries. Suppose that for some vertex z we have z G ^ci^i)' far i = 1,2,3. Then ^qi{Xi) fl 



Proof. Because of Remark 1 6 we may assume that Xi,X2, X3 appear first in §. Let H : = W^ip [G, 
{Xi,X2,X3)]. Then n ^//(X2) fl ^//(Xs) = 0. The resuk now follows as § is non- 

crossing. □ 

Lemma 26. Let H and H' be equivalent graphs with H' = W^i^ [//,§] for some non-crossing 
w-sequence §. Suppose that there exist vertices z in V{H) and z' in V{H') such that z G ^h{X) 
and z' G ^/f' (X) for every X G §. Then H' = W^,^ [// , S'] for some §' which is a w-star ofH with 
center z and a w-star ofH' with center z'. 

Proof. Note that we may swap any X in § with its complement and maintain the properties 
of §. Since § is non-crossing we may assume (after possibly replacing some sets § by their 
complement) that S is laminar, i.e. every two sets in § are either disjoint or one contains the 
other. First suppose there exist Xi,X2 G § with ^//(Xi) = 3Sh{X2). Then we may remove 
Xi,X2 from § and add X1AX2. This keeps the w-sequence non-crossing and gives rise to the 
same graph H' . Hence we may assume that, for every Xi , X2 G §, (^1 ) H (X2) = {z} and 
3§ui{X\) n^///(X2) = {z!}, and condition (b) in the definition of w-star holds. Suppose that 
for some Xi,X2 G § we have Xi C X2. By Remark [25| there is no set X3 G § where X3 D X2 or 
^3 ^ ^2- After replacing X2 by X2 the sets in § satisfy condition (a) of the definition of w-stars. 
Finally, if any X G § contains an edge e where the ends of e are =^//(X), we may replace X by 
X — {e}. Then property (c) of w-stars holds. □ 
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We are now ready for the proof of the second main resuh. 



Proof of Proposition 18 Proposition 17 implies that there exist a w-sequence L of G and a 



graph H with a non-crossing sequence §o such that (1) holds in the statement of the proposition, 



G' = Wfl,p[//,So] and z G for all X G §o- Because of Remark 16 we can view §o as 

a set. Hence, H = W,,^[G',So]. Let h' = {X e So : z' ^ ^a{^)] and let §i := So - L'. Let 
H' := Wflip[//,Si]. Then condition (2) in the statement of the proposition holds. Finally, by 



Lemma 26 there exists a w-sequence § for H that is a w-star of H with center z and a w-star of 



H' with center z! and such that H' = W^i, [// , S] . □ 



5 Proof of Theorem 12 - split siblings 



Recall the definition of split-templates given at the end of Section |3.2[ We say that split- 
templates: 

T=(//i,vi,ai,//2,V2,a2,S) and T' = (//J,v;, a;,//^,v'2, a2,S') (1) 
are compatible if: 

(a) Hi and H[ are equivalent, for / = 1,2, and 

(b) a, A a[ forms a cut of //i , for « = 1,2. 

Note that in this case, by Theorem[T| cut(i/i) = cut(H2) = c\xi{H[) = c\xi{H'2). 

Lemma 27. Let T and T' be compatible split-templates. Let (Gi,Ei) and (G2,E2) be the sib- 
lings arising from T and {G\,Y,\), (G2,S2) be the siblings arising from T'. Then, for i — 1,2, 
(G/,E,) and (G^,E^) are equivalent. 

Proof. Let us assume that T and T' are as described in ([T]). Then, by construction, 

cut(Gi) = span(cut(//i)U{ai}) and cut(Gi) = span (cut(//i) U {«(}). 

By hypothesis, tti AaJ G cut(//i). Hence, cut(Gi) = cut(G'J. It follows from Theorem [T] that 
Gi and G\ are equivalent. Similarly, G2 and G'2 are equivalent. It follows that (G'^,Ei) and 
(G2,E2) are siblings. As the matching signature pair for G\ and G2 is unique up to signature 
exchange, (G/,E,) and (G-,E-) are equivalent, for / = 1,2. □ 
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Lemma 28. Every split-template has a compatible split-template which is simple or nova. 



Proof. Suppose that T := (//i,vi, ai,i/2, ^2, 0C2,S) is a split-template. 

Claim 1. There is a template {H[,vi,CCi,H2,V2, Ct2,S0 which is compatible with T and has the 



Choose a split-template T' = {H[ , v\ , a( , //j? ^2' Cf2' ^0 ^^'•^ following properties: 

(Ml) T' is compatible with T; 

(M2) for / = 1,2, §' is a w-star of H[ with center v^; 

(M3) I : X G §'}| is minimized among all split-templates satisfying (Ml) and (M2). 

Such a split-template exists because of Claim 1. We may assume that §' 7^ for otherwise T' 
is simple and we are done. We will show that T' is nova. As (Nl) (from the definition of nova) 
holds, it suffices to prove (N2). Let X' <ZX e where e^^j (X') = (^) = {^i ^ w'}' for some 
vertex w. Let us assume that we chose X' to be an inclusion-wise minimal subset with that 
property. It suffices to show for (N2) (as we can interchange the role of H[ and //j) that there 
exist {vj,w}-handcuffs included in X' in {H[,a[Aoc^). 

Claim 2. None of the following holds: 
(1) Sf^i^ (y\ )nX'na[ is empty; 



property that §' is a w-star ofH[ and H'2. 



Proof. The proof follows easily from Proposition [TSj since H\ and H2 are equivalent. 



O 



(2) {5fjf^ (vj) nX') - a[ is empty; 

(3) we can partition X' into Z and Z' such that ^fji {X') = ^^ji (Z) = ^^ji {Z') and cc[ HX' 

5//[(v;)nz. 



Proof. Define 





if (1) holds 



if (2) holds 
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Let a = a[AD, let H := W,,^[H[,{X')] and let § = §' - {X} U {X -X'}. There is a vertex v of ^ 
where 5fj (v) ^ a. Since § is non-crossing, H2 = Wa^p S] . Hence, (M2) holds for f := (//, v, a, 
//^,v'2,a2.§). Since D is a cut of//;, (M3) holds for f. As |U{^ :^ < |U{^ :^ 
this contradicts our choice (MB). O 

Claim 3. There exists a circuit C C X' ofH[ avoiding w with \Cna[ \ odd. 

Proof. We claim that otherwise (1), (2), or (3) of Claim 2 must hold, giving a contradiction. 
Let G be the graph obtained from //([X'] by splitting v\ into v'^.v'^ according to a[. Every 
(vj^, Vj^)-path P of H[X'] avoiding w is a required circuit. Hence, we may assume that no such 
path exists. It follows that w is a cut- vertex separating v'f and Vj^ in G[X']. Let Z,Z' be the 
partition of X' such that VG[x']iZ) n Vg[x']{Z') = {w} and v'f G G[Z], G G[Z']. Then (3) 
holds. O 

By Claim 3 and by reversing the role of H[ and //j, we deduce that there exists an odd circuit 
Ci (respectively C2) included in X' using v\ (respectively w) and avoiding w (respectively v[). 
Consider first the case where Ci and C2 have at least one common vertex in H[ . As a| C 5/^/ (v j ) 
and ttj ^ (^)' we may assume, after possibly redefining Ci, that Ci and C2 intersect in exactly 
one vertex or intersect in a path. Hence, in that case (Ci,C2,0) form {vj,w}-handcuffs included 
in X' in (//{, a| Attj), as required. Consider now the case where Ci and C2 have no common 
vertex in H[. As X' was selected to be inclusion- wise minimal, there exists a path P C X' 
joining Ci and C2 which avoids v[ and w. For an inclusion-wise minimal such P, (Ci,C2,/') 
form {vj,w}-handcuffs in (//|, Attj) as required. □ 

Proof of Theorem |72] By definition, (Gi , Ei ) and (G2, E2) arise from a split-template {Hi , vi , tti . 
//2, V2, 052) • Let Ti , r2 be the matching terminal pair for Gi and G2. Proposition[5]implies that Gi 
and G2 are 2-connected, except for possible loops. Consider first the case where Hi \loop(//i) 
is not 2-connected. Then for some X C E{Gi), (^) = Ti. It follows, from the argument in 



Section 3.4.4 that (Gi,Ei) and (G2,E2) can be reduced. Hence we may assume that Hi is 2- 



connected, except for possible loops, and so is H2. It follows that T = {Hi , vi , tti ,//2, V2, OC2, S) 



is a split-template for some w-sequence § of //i, where H2 = Wfl,p[//i,§]. Lemma 28 implies 
that there exists a split-template T' which is simple or nova and compatible with T. Let (Gj,Zj) 
and {02,^.2) arise from T'. By definition (Gj,Ej) and (G2,E2) are simple twins or nova twins. 
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By Lemma 27 for / = 1,2, (G-, E-) is equivalent to (Gi^Zi) . It follows that (Gi , Ei ) and (02,^2) 
are simple or nova siblings. □ 



6 Proof of Theorem [T5| - quad siblings 



Similarly to the proof for split siblings, we define compatible quad-templates. The different 
types of quad siblings arise from different types of templates. 



6.1 Templates 

Remark 29. Suppose that T = (//i, vi,wi, ai,j8i,//25V2,W2, 0525/^2) is ^ quad-template and 
(Gi,Ei) and {Gi.'^i) are the quad siblings arising from T. Then a^-i and fi^-i cire signatures 
of (GuLi), for i = 1,2. 

Proof. For / = 1,2, vertex v, of Hi gets split into vertices v^,v^ of G,;. By construction, a,- = 
dciiv^), for z = 1,2. As V]" G Ti, Theoremjsjimplies that ai is a signature of (G2,E2). Similarly 
/3i is a signature of (G2,E2). By symmetry, a2 and ^2 are signatures of (Gi,Ei). □ 

We say that two quad-templates: 

T= (iyi,vi,wi,ai,/3i,//2,v2,w2,a2,/32) 

and (2) 
T' = {H[ , v\ , w\ , a[ , i8| v'2, w^, a^, j8^) 

are compatible if, for i = 1,2: 

(a) Hi is equivalent to H'-; 

(b) oc/Aa- is a cut of Hi ; 

(c) /3/Aj8/isacutof//i. 

Note that, by Theorem[Tj cut(//i) = cut(//2) = cut(//() = cut(iy2)- 
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Lemma 30. Let T and T' be compatible quad-templates. Let (Gi,Ei), (G2,E2) and {G\,Y,\), 
quad siblings arising from T and T' respectively. Then {Gi^lLi) and (G^,E^) are 
equivalent, for i= 1,2. 

Proof. Let T and T' be compatible quad-templates defined as in ([2]). Fix i G [2]. Let v^,v^ G 
V{Gi) be obtained by splitting according to a, in We first show that G/ is equivalent to G- 
by showing that cut(G,) = cut(G9. Let C := a/Acc-. By definition of compatible templates, C is a 
cut of hence it is a cut of G^. Moreover, by construction, 5G, (vy") = a,. Thus dciivY) = CAa- 
is a cut of Gy. Similarly, we can show that 5g,(v^) is a cut of G'. By symmetry between 
and Wj, we have that 5g, (w,^) and 5g, (w,^) are cuts of G^. Moreover, for every u G V(G,), if 
u ^ {Vj^, v^,w^,Wj^}, then 5g,(m) is a cut of//,, hence a cut of /// and a cut of G^. Thus 5g,(") is 
a cut of G^ for every m G V(G,). As the cuts of G, are generated by its fundamental cuts (i.e. the 
cuts of the form 5g, (m), for u G V (G,)), this shows that cut(G/) C cut(G9 . By symmetry between 
T and T', we have that cut(G9 = cut(G;), thus G,- and G'- are equivalent. As G/ is equivalent to 
G'-, ^1,^2 is a matching signature pair for Gj, G2. By Theoremjsj the matching signature pair is 
unique up to resigning, thus (G,,E,) and (G-,E-) are equivalent. □ 

Let (//i, vi,wi, ai,/3i,//2, V2,W2, a2,/32) be a quad-template. If Hi and H2 are 2-connected, 
except for possible loops, we have that H2 = W|,,p[//i,§] for some w-sequence §. We abuse ter- 
minology slightly and say that (//i, vi,wi, ai,/3i,//2,V2,W2, Ct2,j82,S) is a quad-template. This 
is only defined for the case where Hi and//2 are 2-connected up to loops. Thus, when specifying 
a w-sequence S for a quad-template, we will implicitly assume that graphs are connected, except 
for possible loops. 

Consider a template T = (//i, vi,wi, ai,/3i,//2, V2, W2, 0C2,j82,S), where S = (Xi, . . ., X^) for 
some ^ > and X, 7^ 0, for every i G [k]. We say that T is of type I if: 

(TIa) Xi n Xj = Qi, for all distinct /, j G [k] ; 

(Tib) Hi[Xj] \ 3SHi{Xj) is non-empty and connected, for every / = 1,2 and j G [k]; 
(Tic) ^hX^j) = {vuwi}, for 1,2 and j G [k]. 

We say that T is of type II if: 
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(Tlla) k=lork = 2; 

(Tllb) ifk = 2, Xi is disjoint from X2', 

(TIIc) Vi G ^HiiXj), for / = 1, 2 and j G [k]; 

(TIM) wi G^//,(Xi); 

(Tile) if = 1, W2 G ^//^(li -loop(//2)); 

(Tllf) iffc = 2,W2G^/f2(X2). 

6.2 The proof 

A signed graph (G, E) is ec-standard if ecycle(G, E) is 3-connected and, for every (G', E') equiv- 



alent to (G, E), (G', E') does not contain a blocking vertex. To prove Theorem 15 we require the 
following four results, which will be proved at the end of the chapter. 

Lemma 31. Suppose that (Gi,Ei) and (G2,E2) are quad siblings arising from a quad-template 
T of type I. Suppose that ecycle(Gi,Ei) is 3-connected. Then (Gi,Ei) and (G2,E2) are either 
shuffle, tilt or twist twins. 

Lemma 32. Suppose that (Gi,Ei) and (G2,E2) are A-irreducible ec-standard quad siblings 
arising from a quad-template T of type II. Then (Gi,Ei) and (G2,E2) are either widget or 
gadget twins. 

Lemma 33. Suppose that (Gi,Ei) and (G2,E2) are A-irreducible ec-standard quad siblings 
arising from a quad-template T = (//i,vi,wi, ai,/3i,//25V2,W2, OC2,/32,S)- Then there exists a 
template T' which is compatible with T and is of type I or type II. 

Lemma 34. Let T = (//i, vi,wi, ai,j8i,//25V2,W2, OCi^Pi) be a quad-template. Let (Gi,Ei) and 
(G2,E2) be the quad siblings arising from T. If {G\,1L\) and (G2,E2) are ec-standard and A- 
irreducible, then either (Gi,Ei) and (G2,E2) are shuffle, tilt, twist, gadget or widget siblings or 
Hi and II2 are 1-connected, except for the possible presence of loops. 

Proof of Theorem [75l Let M be a 3-connected non-graphic matroid and (Gi,Ei) and (G2,E2) 



be quad siblings representing M. By Remark 11 (Gi,Ei) and (G2,E2) are ec-standard. If they 
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are A-reducible we are done. Thus in the remainder of the proof we will assume that (Gi,Ei) 
and (02,^2) are A-irreducible quad siblings. Suppose that they arise from a quad-template 
(//i, vi,wi, ai,/3i,i/2,V2,W2, (X2:lh.)- By Lemma [34} either (Gi,Ei) and (G2,E2) fall into one of 



the cases (1) — (5) in the statement of the theorem, or Hi and H2 are 2-connected, except for the 
presence of loops. Therefore we may assume that H2 = W|,ip[//i,S] for some w-sequence S of 



Hi and (Gi,Ei) and (G2,E2) arise from a quad-template T with w-sequence §. By Lemma 33 



there exists a quad-template T' compatible with T which is of type I or of type II. Let (G'^,Ej^ 



and (G2, E2) be the quad siblings arising from T'. If T' is of type I then, by Lemma 31 {G[, Ej 



and (G2, E2) are shuffle, tilt or twist siblings. If T' is of type II then, by Lemma 32 {G\ , Ej ) and 



(G2,E2) are widget or gadget twins. Finally, by Lemma 30, (G,,E,) and (G-,E-) are equivalent 
for i = 1,2. Therefore the result follows. □ 



The proofs of Lemma 31 Lemma 32, Lemma 33 and Lemma 34 are given in Section 6.4 
First we require some technical results. 



6.3 Technical lemmas 

Recall that signed graph (G,E) is bipartite if G doesn't contain any E-odd cycle; moreover, a 
setX is a 3-(0, l)-separation if X is a 3-separation of G such that (G[Z],EnX) is bipartite and 
(G[X],E-X) is non-bipartite. 

Lemma 35. Let (Gi,Ei) and (G2,E2) be ec-standard siblings. Let X be a 3-(0, \)-separation 
in both (Gi,Ei) and (G2,E2). Then (Gi,Ei) and (G2,E2) are A-reducible. 

Proof. Let (^) = {"1 1 "2, "3} and (^) = Wi ■> "2' "3}- claim that we can relabel the 
vertices in ^Gi(^) so that every (M,-,Mj)-path in Gi[X] is a (M//M^)-path in G2[X], for every 
choice of j G [3] with i 7^ j. Consider distinct z, j E [3] . Let P be a (w,-, w -path in Gi [X] . Let Q 
be a (m/, Uj)-path in Gi [X] of the same parity as P. Note that some such Q exists as ecycle(Gi , Ei ) 
is 3-connected and (Gi[X],Ei DX) is non-bipartite. By the choice of Q, C := PU Q is, an even 
circuit of ecycle(Gi,Ei), hence a circuit of ecycle(G2,E2). As (G2[X],E2nX) is bipartite, 
every cycle in G2[X] is even, hence G2[P] does not contain any cycle. Therefore P is a (m',, Uj)- 
path in G2[X] for some s,t E [3] with s ^ t. The same argument holds for every choice of 
distinct ij E [3]. Now, if Pi is a {ui,Uj)-path and P2 is a {uj,Uh)-path in Gi[X], for distinct 
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i,j,h e [3], then Pi is a (a^,af)-path in G2[X] and P2 is a (M^,M'^)-path in G2[-X']. We cannot 
have {s,t} = {q^r}, as otherwise Pi UP2 would be an even cycle in (02,^2) and a path in 
Gi. Therefore Pi and P2 share exactly one end in G2[X], say u',. Thus, we can reindex uj as 
Uf. Similarly we can reindex all the vertices in [X] as desired. Note that, in particular, 

Gi[X] = G2[X]. For / = 1,2, let L'- be a resigning of (G/,E/) such that ^nX = &. Define 
Y := X[J{e e E(G\) \ e ^Yl^^e — iui^Uj) for some i^j G [3]}. Now we can apply a A-reduction 

toy. □ 

Lemma 36. Let H he a graph and let s\ and he distinct vertices ofH. Let <Pi C dnisi), for 
i = 1,2. Suppose that 91A92 is a non-empty cut ofLL such that 91 ^ Sh{s2)- Then there 
exists Y C E{LL) such that the following hold: 

(1) ^HiY)C{si,S2}; 

(2) J^H{Y)^(d; 

(3) 5H{si)nY ^(pi-(p2; 

(4) for 02 ■= n or ^ := <p2A5//(s2), 5//(s2) HF = ^ - (pi. 

Proof. As (piA(p2 is a non-empty cut of H, (P1A92 = Sh{U) for some U C V{H), where U ^ 
0, y (//). If si E U, we can pick V{H) — U instead of U . Thus we may assume that si ^ U. If 52 ^ 
U, let (p2 := ^ and W := U, otherwise let ^ := (p2A5/f (5'2) and W (7 - {52}- Thus 51,52 ^ W 
and = <PiA<p2. Define Y := {(m,v) e E{H) ■.{u,v}nW^ 0}. Conditions (3) and (4) in 

the statement are satisfied by construction. Note that U {52}, as 91A92 7^ Sh{s2)- Hence W is 
non-empty and J%(F) is non-empty. For every v eW, 5h{v) C Y, hence v ^ =^h(F). Moreover, 
for every v^WU{si, 52}, 5//(v) nF = 0, hence v ^ ^//(F). Hence ^h(F) C {51,52}- □ 

Lemma 37. Let H be a graph and si,S2,S3 be distinct vertices of H. Let (pi C dnisi), for 
i = 1,2,3. Suppose that 9iA(p2A(p3 is a non-empty cut ofH. Suppose moreover that (piA(p2A(p3 
is not equal to any of the sets 5h{s2), SH{s3),dH{{s2,S3}). Then there exists Y C E{H) such that 
the following hold: 

(1) ^HiY)C{si,S2,S3}; 

(2) ^//(F)^0; 
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(3) 5H{si)nY = (pi-{(p2U(p3); 

(4) for 02 ■= (p2 or (p2 := (P2^5h{s2), 5h(s2) HF = ^ - (<pi U (p^,); 

(5) for 03 -.^(p^or^^ := (P3A5h{s3), 5// (53) 7 = ^ - ((pi U (P2). 

Proof As (piA(p2A(p3 is a non-empty cut of H, q)iA(p2A(p3 = 5h{U) for some U C where 
U ^ Q),V{H). If 51 G i7, we can pick V{H) — U instead of U. Thus we may assume that 51 ^ U. 
For i = 2,3, define (p,- := (pi if i',- ^ U and 9,- = 6H{si)A(pi otherwise. Let W := U — {s2,S3}. 
Thus 51,52,^3 ^ W and = (piA(p2A(p3. Define F := {(m,v) G : {M,v}nl^ ^ 0}. 

By construction, (lY = (pi — {(p2A(p3). If e G <P2 H (ps, then e = (52, ■^s) and e ^ (pi. 

Thus (pi — {(p2A(p3) = (pi — {(p2 U (ps) and condition (3) holds. Conditions (4) and (5) follow 
similarly. It follows from the hypothesis of the lemma that U is not contained in {s2^ S3}. Hence 
W is non-empty and J^//(y) is non-empty. For every v eW, 5h{v) C Y, hence v ^ 3§h{Y)- 
Moreover, for every v U {si,S2,S3}, 5//(v) 7 = 0, hence v ^ ^h{Y). It follows that 

^h{Y)C{si,S2,S3}. □ 

Remark 38. Let T = {Hi , vi , wi , CUi , /3i , i/27 V2, W2, 0:2, /32, S) a quad-template. Suppose that 

S = {Xu...,Xk) and^H,{Xi)n{vi,wi}=(b. Lef T' = (W^„[//i,§],vi,wi, Cti, j8i, H2, V2, W2, 
0C2, p2, S'), where S' = {X2, . . . ,Xi^). Then T' is a quad-template and T and T' are compatible. 

Suppose that T = {Hi , vi , wi , ai , j8i , //2, V2, W2, a2, /32, S) is a quad-template. If we substitute 
Ui (respectively j80 with 5//,.(v,)Aa,- (respectively 5/f,.(w;)Aj80 for / = 1 or / = 2 we obtain a 
quad-template T' giving rise to the same quad siblings. We say that T' is obtained from T by a 
swap on V( (respectively w,). We will make repeated use of swaps in the next section. 

Lemma 39. Let (Gi,Li) and (G2,S2) be ec- standard and A-irreducible quad siblings arising 
from a quad-template T = (//i,vi,wi,ai,j8i,//2)V2,W2,a2)j82)- LetX be a k-separation of Hi 
and H2, for k<2. Let Y := E{Hi) - {XU loop(//i)). Suppose that J%,.(X), J^h,.(F) and 
Vi,Wi e V{Hi[X]),fori =1,2. Suppose moreover that, for h = I orh = 2, J^H^(Z)n{v/,,w/,} 7^ 0. 
Let j = 3-h. Then (X) = {vy, wj} and all the sets Uj n Y, {5hj {vj) - af) n Y, jSy n Y and 
{dHj{wj) — j3j)r\Y are non-empty. In particular, X is a 2-separation in Hi andH2. 

Proof. To simplify the notation we prove the result for the case h= I. Thus we may assume 
that vi e V{Hi[X]), wi e J%j(X) and V2,W2 G V{H2[X]). Suppose for contradiction that W2 G 
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J^Hii^) or that W2 G ^Hii^) but one of the sets P2 n Y, (5/^2 (W2) - /32) n 7 is empty. If W2 G 
J^HiiX), then /32 n y = 0. Thus either /32 n 7 = or W2 G ^^^/fzl^) and 5/f2(w2) n 7 C ^82. In 
the second case, we may substitute ^2 with 5h2{w2)^P2 (this is just a swap), reducing to the 
case /32 n y = 0. As wi G J^/f j (X) , we have /3i fl 7 = 0. For z = 1,2, let v,- be split into vertices 
and of G/. Define wj similarly. Recall that /3/ is a signature of (G3_/,E3_/) for 
/ = 1,2. Every edge in /3, fl loop(//,) is also in a3_,A/33-i (by definition of unfolding). Thus 
every edge in /3/ fl loop(//,) is either a (v3_;-,v^_-) edge or a (vv'3_;-,m^J^_,) edge in G3_,-. This 
implies that, for i = 1,2, (G,[y],E/ HY) is bipartite and 7 is a ^/-separation of G,- for fc/ < 3. 
As ecycle(Gi,Ei) is 3-connected, Y is not a 1- or a 2-separation in G\ or G2, by Lemma |5] 
Thus ki=k2 = 3. Moreover, Y is not a 3-(0,0)-separation in (G,-,E/), for z = 1,2, for otherwise 
(G/,E,) would contain a blocking vertex. Thus 7 is a 3-(0, l)-separation in (Gi,Ei) and (G2,E2). 
By Lemma 35, (Gi,Ei) and (G2,E2) are A-reducible, a contradiction. This implies that W2 G 
^//2(X) and the sets /32 fl 7 and (5//2(w2) — fii) n 7 are non-empty. By symmetry between V2 
and W2, V2 G (^) and the sets a2 H 7 and {Shj (^2) — ^2) n 7 are non-empty. □ 



6.4 Proofs of Lemmas 31 , 32 , 33 and 34 



Proof of Lemma |37] Let T = {Hi , vi , wi , tti , j8i ,//2, V2, W2, 0C2, /32, S) be a quad-template of type 
I, where § = (Xi, . . . ,X^) for some ^ > 0. For i = 1,2, let := a/A/3,. By definition of quad 
siblings, {Hi,T\) and (//2,r2) are equivalent. Thus riAr2 = aiA/3iAa2^j82 is a cut of Hi. Let 
riAr2 = dn^ (U) for some U C V{Hi). By possibly swapping on vi or wi, we may assume that 
Vl,Wl ^ [/. 

Case 1: Suppose k>l. Let X^t+i, . ..,Xf be a partition of E{H\) — (Xi U. . . UX^Uloop(//i)) 
into minimal 2-separations having as boundary {vi , wi } plus possibly edges with ends vi and wi . 
Let f/y = i7 n Vff J (Xj), for every jG [?]. Asvi,wi ^ t/ and are disjoint for all distinct j,/iG 
[?], the sets i7i, . . . , f/f are all disjoint. Suppose that Uj 7^ for some j G [f]. Thus (riAr2) HXj is 



a non-empty cut of Hi \Xj\ . By Lemma 36 there exists a set 7 C Xj such that iSShi {Y) ^ {vi , wi }; 
Jh, (7) ^ 0; 5h, (vi) n7 = (riAr2) n 5/^, (vi) nXf 5h, (wi) n7 = (riAr2) n dn, (wi) nx,. As 
Hi [Xj] \ {vi , wi } is connected, 7 = and Uj = J^Hi (Xj) . Thus for every j G [t], either i7j = or 
f/j = J^//j (Xj) . Therefore U = U/e/ -^//i (^z) , for some / C [?] . Define the following index sets: 
:= ([?] - [A:]) n/; /2 := [A:] -/; /3 := [k] HI; I4 := [t] - {[k] U/). Note that luh.h.h partition 
[t]. The idea is that for each 2-separation Xj with ^Hi{Xj) = {v,,w,}, there are four possible 
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choices, depending whether, when going from Hi to H2, we resign, flip, resign and flip or do not 
perform any operation in Hi[Xj]. Now partition the edges in loop(//i) flFi as Li UL2, where 
e G Li if e G «! n 052 or e G /3i n/32 and e E otherwise. Finally define Yi := {Jjeh i-^j) U^i; 
Y2 ■= Ujehi^j); Y3 := U;e/3(^j) UL2; 74 := UjeM)- Then (Gi,Ei) and (G2,E2) form a 
shuffle with partition Fi , 72, F3 , 74. 

Case 2: Suppose k = 0. Fhis implies that Hi = H2. In this case we may also assume that 
V2,W2 ^ U (by possibly swapping on V2,W2)- We now have different cases depending on the 
cardinality of {vi,wi} fl {v2,W2}. 

Case 2.1: Suppose {vi , wi } = {v2, ^2}- Then, similarly to case 1, we obtain a shuffle (where 
the sets 72 and 73 are empty). 

Case 2.2: Suppose {vi,^!} fi {v2,W2} = {vi} = {V2}. This implies that 5{U) C 5(vi) U 
5(wi)u5(w2)- Moreover, 5(wi)n5(i7) = 5(wi)nFi and d{w2)n5{U) = 5(w2)nF2. Define 
Fi := E{Hi [[/]) U 5{U) and F2 := E{Hi) - (Fj U loop(//i)). If e G loop(//,) - (a,- U A), then e 
is an even loop of (G/,E,), contradicting the fact that ecycle(G/,E,) is 3-connected. Thus every 
loop of Hi is either in a,- or in jS/ (but not both, by definition of unfolding). Moreover, for i= 1,2, 
(G/, Li) does not have parallel edges of the same parity. It follows that | loop(//,) | < 4 and every 
edge in loop(//i) is in exactly one of 0Ci,/3i and in exactly one of 052,^82 . If loop(//i) fl /3i fl 052 
is non-empty, let e G loop(//i) n/3i fl 052- Similarly, if they exist, define edges f,g,h G loop(//i) 
as follows: / G j8i n j82; ^ G tti fl a2; e tti fl /32. Then (Gi,Ei) and (G2,E2) are related by a 
twist with partition Fi,F2, {e,/,^,/?}. 

Case 2.3: Suppose {vi,wi} fl {v2,W2} = 0. This implies that 5{U) C 5(vi) U 5(wi) U 
5(v2) U 5(w2). Moreover, 5(v,) n 5(t/) = 5(v,-) n F/ and 5(w,) n 5([/) = 5(w/) n F,- for / = 
1,2. Define Fi := E{Hi[U]) U d{U)j2 ■= E{Hi) - (Fi U loop(//i)) and, if they exist, edges 
e,f,g,h G loop(//i) as follows: e G tti fl a2; / e tti fl /32; g G /3i fl ^2; h e piD ^2- Then 
(Gi,Ei) and (G2,E2) are related by a tilt with partition Fi,F2, {e,/,g,/z}. □ 



Proof of Lemma |32] Let T = {Hi , vi , wi , tti , /3i , //2, V2, W2, Ct2, /32, §) be a quad template of type 



II. Fix z = 1 or z = 2. If e G loop(//,) — («/ U /3,), then e is an even loop of (G/, E,), contradicting 
the fact that ecycle(G,-,E/) is 3-connected. Thus every loop of //, is either in a,- or in /3, (but not 
both, by definition of unfolding). Moreover, for z = 1,2, (G,,E,) does not have parallel edges of 
the same parity. It follows that | loop(///) | < 4 and every edge in loop(//i) is in exactly one of 
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CUi and /3i and in exactly one of a2 and ^2- Thus we will not consider the behavior of the loops 
of Hi any further in this proof. Now we consider two cases, depending on whether |§| = 1 or 
|§| =2. 

Case 1: Suppose |§| = 1. We will show that (Gi,Ei) and (G2,E2) are widget twins. In this 
case, H2 = Wfljp[//i,X] for some 2- separation X of Hi, and v,- G for / = 1,2. Moreover, 

wi e J^HiiX) and, for Y := X -loop(//i), W2 G J^H2{Y). For / = 1,2, let Zi be the vertex in 
^HiiX) distinct from v,. By swapping the role of X and Y and of Hi and H2, we may assume 
that 5hi{vi) nX = 5h2{v2) nX. Define (pi := (aiAa2) nX and (p2 := /3i nX. Let H := Hi[X]. 
We have C 5//(vi) and (p2 ^ Moreover, 9iA(p2 = (aiAa2Aj8i) fiX. By definition 

of quad siblings, aiAa2Aj8iA/32 is a cut of Hi. As /32 nX is empty, Ci := (aiAa2Aj8i) fiX 
is a cut of //. First suppose that Ci is empty. Then all the edges in /3i — loop(//i) are either 
in «! or in a2 (but not both). As (Gi,Ei) does not contain parallel edges of the same parity, 
there cannot be two edges in /3i fi tti or in /3i fi a2- If Hi contains a (vi,wi) edge in /3i fi tti 
(respectively in jSi fl a2) call such an edge e (respectively /). Let 7= (X fl CUi) — {e}. As Ci is 
empty, 052 nX = yU {/}. 

Now suppose that Ci is non-empty. If 6h{wi) = Ci, we may swap on wi and reduce to 
the case where Ci = (as 5h{wi) = Thus we may assume that Ci 7^ By 

Lemma [36l there exists ZCX such that =^/f(Z) C {vi,wi}, J^//(Z) 7^ 0, 5//(vi) HZ = cpi - ((h 
and for (^2 = <P2 or (p2 = ?'2A5//(wi), we have flZ = 92 — 9i- Note that Z is a 2- 

separation in Hi, because (Z) C {vi,wi} and Hi is 2-connected except for loops. Let Z : = 
E{Hi) - (loop(iyi) U {(vi,wi) G E{Hi)}). The condition HZ = 92 - <?>i implies that 



either 5h{wi) fiZ C /32 or 5h{wi) fiZ C 5/f (wi) — /32. Hence Z violates Lemma 39 



We conclude that, by possibly swapping on wi, /3i — loop(//i) = {e,/}, tti flX = 7U {e} and 
052 nX = yU {/} . Now we proceed to consider the structure of Hi [Y] . We assume that every edge 
with endpoints vi and zi in Hi is in X. Define sets (pi = OCi fl 7, 92 = OC2 H 7 and 93 = /32 fl 7. 
As Pi does not intersect Y, C2 := (aiAa2A/3iAj82) 7 = (j!)iA(p2A(j!)3. As aiAa2A/3iA/32 is a cut 
of Hi , we have that C2 is a cut of Hi [Y] . If C2 = 0, then every edge in J82 is either contained in 
«! or in a2. Similarly for the edges in tti fl 7 and in a2 fl 7. As there are no (vi,zi) edges in 7, 
we have /32 — loop(//i) = {a,c} for two edges a = (vi,W2) and c = (zi,W2) in Hi (if they exist). 
Moreover, tti n7 = {a} and a2n7 = {c}. Let Z = 7 - {a,c} - {(vi,W2), (21,^2) e 'E(//i)}. 
Then all the sets ai fl Z, a2 H Z, /3i fl Z, /32 fl Z, are empty. Therefore, if J^//j (Z) is non-empty. 
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Z is a 3-(0, l)-separation of (Gi,Ei) and (G2,E2) and (Gi,Ei) and (G2,E2) are A-reducible 



by Lemma 35, a contradiction. Hence Z is empty and Y = {a,b,c,d}, where b = (vi,W2), 
J = (zi , W2) (if they exist) and Z?, J ^ (Xi U a2 U /32. We conclude that, in the case C2 = 0, (Gi , Ei ) 
and (G2,E2) are widget twins. 

Now suppose that C2 7^ 0. Let H := Hi [Y]. If C2 is equal to one of the sets 5//(w2), 
Sh{{zi,W2}), we may swap on W2 or V2 and reduce to the case where C2 = (as 5h{zi) C 



5//2(v2))- Therefore we may assume that (pi, 92, 93 satisfy the hypotheses of Lemma 37 Hence 
there exists a set C 7 such that ^h{W) C {vi,zi,W2}, -^niW) 7^ 0, and 

(a) 5^(vi)nW = ai-(a2Uj82); 

(b) either n W = a2 - («! U /32), or 5//(zi) n = Snizi) - (tti U a2 U /32); 

(c) either 5/f(w2) n W = /32 - (oci U a2), or 5//(w2) n W = 5//(w2) - (oci U a2 U jh.)- 



Therefore V7 is a 3-(0, l)-separation of (Gi,Ei) and (G2,E2). By Lemma [35| (Gi,Ei) and 
(G2,E2) are A-reducible, a contradiction. 

Case 2: |§| =2. We will show that (Gi,Ei) and(G2,E2) are gadget twins. In this case //2 = 
Wfljp [//i, (y,Z)] for some disjoint 2-separations Y and Z of //i, where v,- G ^/f,(l') n^Hi{Z), for 
z = 1 , 2, wi G J^//i (y ) and W2 G J^/Zj (^) ■ ^ = ^ ' 2, let z,- be the vertex in (7) distinct from 
Vi and Ui the vertex in ^//, (^) distinct from v/. For X := E{Hi) - (7 UZUloop(iyi)), ^//,.(^) = 
{v,-, Ui.Zi}, for / = 1,2. Moreover, we can choose Y and Z so that all the edges in Hi with both 
ends in {vi,zi,mi} are contained in X. By construction, 5/fj(vi) flX = 5//2(v2) HX. Moreover 

{zi)nY = 5h2{v2) n y and 5h^ (mi) n Z = 5/^2 (V2) n Z. Define (pi = a2 n 7, (p2 = cti n 7 
and 93 = /3i ny. Let // := i^ify]. So (pi C 5h{zi), 92 ^ 5//(vi) and 93 C dniwi). Note that 
C := (piA(p2A(j!)3 = (aiAa2A/3iA/32) fiF. As aiAa2A/3iA/32 is a cut of Hi, we have that C is a 
cut of H. 

If C = 0, then every edge in /3i is either contained in cti or in a2. Similarly for the edges 
in «! ny and in 052 ny. As there are no (vi,zi) edges in Y, we have /3i — loop(//i) = {ai,ci} 
for two edges ai = (vi,wi) and ci = (zi,wi) in Hi (if they exist). Moreover, tti ny = {ai} 
and 052 ny = {ci}. Let = y - {a^ci} - {(vi,wi), (zi,wi) G E{Hi)}. Then all the sets 
«! niy, a2 n IV, /3i n V7, /32 n W, are empty. Therefore, if J^//, (W^) is non-empty, is a 3-(0, 1)- 



separation of (Gi,Ei) and (G2,E2) and (Gi,Ei) and (G2,E2) are A-reducible by Lemma 35 a 
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contradiction. Hence W is empty and Y = {ai,bi,Ci,di}, where bi = (vi,wi), di = (if 
they exist) and bi.di ^ ai U 0(2 U /3i . 

Now suppose that C ^Qi. If C is equal to one of the sets (vi), 5//({vi,wi}), we 

may swap on vi or wi and reduce to the case C = 0. Therefore we may assume that (pi,(p2:(P3 



satisfy the hypothesis of Lemma 37 Hence there exists a set W' C Y such that ,'^h{W) C 
{vi,zi,wi},^/f(r)^0,and 

(a) 5^(zi)nW'' = (a2ny)-(aiUj8i); 

(b) either dH{vi)nW' = (tti 7) - (a2 U /3i), or 5//(vi) fiW^' = dnivi) - (ai U (^2 U j8i); 

(c) either n W = (j8i HF) - (tti U a2), or n W = - (cci U ^2 U j8i). 



Therefore is a 3-(0, l)-separation of (Gi,Ei) and (G2,E2). By Lemma 35 (Gi,Ei) and 
(02,1^2) are A-reducible, a contradiction. We deduce that, up to swaps on vi and wi, Y ~ 
{ai , Z?! , ci , di}, with the conditions on ai , /3i , a2, P2 established before. Now consider the struc- 
ture of Hi [Z]. Define (pi = ai fl Z, (^2 = 0^2 HZ and 93 = /3i flZ. Then, with an argument similar 
to the one above, we conclude that, up to possible swaps on V2 and W2, Z = {a2,Z72,C2,^^2}7 
where the ends of a2 and b2 are vi and W2 and the ends of C2 and d2 are ui and W2- Moreover, 
/32-loop(//i) = {a2,C2}, «! nZ = {6(2} and 0(2 nZ= {C2}. 

Let 7:= «! nX. As (aiAa2) nX is acut of either a2r\X = yor a2nX = {5h2{v2) n 
X) — 7. In the second case, ai A/3i Aa2A/32 = ^//j (V2) fiX, which is not a cut of H2, contradiction. 
It follows that a2 nX = 7 and (Gi,Ei) and (G2,E2) are gadget twins. □ 



Proof of Lemma Let T = (//i,vi,wi, ai,/3i,//2, V2,W2, 0C2,/32,S) and § = (Xi, . . . By 
Proposition [Tt] applied to Hi and Z = {vi, wi}, there exists a graph H such that: 

• H = Wfl,p[//i,§i] for some w-sequence §1 of Hi, where {vi,wi} n=^//j(X) = for all 
X G§i,and 

• H2= Wfl,p [//, §2] for some non-crossing w-sequence §2 such that, for all X G §2, {vi , wi } fl 
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Let T' := (//,vi,wi, ai,/3i,//2,V2,W2, 052,^82, §2)- By Remark 38 T' is a quad-template 
and T and T' are compatible. Thus we may assume that (Gi,Ei) and (G2,E2) arise from a 
template T = (//i,vi,wi, ai,/3i,//2,V2, W2, Cif2,j82,§), where § = is non-crossing, 

and for all X E §, {vi,wi} n^//j(X) 7^ 0. Similarly we may assume that, for all X E §, 
{v2,W2} n ^H2{^) 7^ ®- We will also assume that every Whitney-flip in S is non-trivial, that 
is, J^Hi (X) ^ for every X eS. 

First suppose that, for every X eS, I^Hi {X) = {v/, w/}, for z = 1 , 2. We show that in this case 
we can find a w-sequence §' for //i such that T' := (//i, vi,wi, ai,/3i,//25 ^2,^2, Cf2, j82,S') is 
a quad-template of type I. As T' is trivially compatible with T, this would prove the statement 
for this case. Suppose that there exists X G § such that Hi\X] \ ^HjiX) is not connected. § is 
non-crossing, thus we may rearrange the sets in S in any order. Hence we may assume that 
X = Xi. As Hi is 2-connected except for loops, there exists a partition Yi , . . . , 7, of X such that 
^fj.(Yj) = {vi,Wi} and Hi[Yj] \ ^Hi{Yj) is connected for every i = 1,2 and j E [s]. Therefore, 
we can replace § with (Fi, . . . ,y^,X2, . . . Hence we may assume that Hi[Xj] \ ^miXj) is 
connected for every i= 1,2 and j E [k] . If there exist distinct z , j G [k] such that Xi fl Xj 7^ 0, then 
Xi = Xj. Thus we may just remove Xi and Xj from S. This will lead to a w-sequence §' with the 
required properties. 

Now suppose that there exists X E E> with 7^ {v,-,w,}, for z = 1 or / = 2. We will 

show that in this case we can find a compatible quad-template of type II. 

Claim 1. Let X eS such that n {v,,w/}| = 1 and | J^//,.(^) ^ {^/^M^i}! = I for i = \ 

or i = 2. Then for j = 3 - i and Y := X - loop(///), l^HjiX) n {v^-, W;}| = 1 and \^Hj{y) n 

{Vj,Wj}\ = 1. 

Proof. To simplify the notation we prove the claim for the case z = 1 . Thus we may assume that 
vi E {X) and wi E Jr, {X). As ^mi^) n {v2, W2} 7^ © for every Z G §, we have ^^{X) n 
{v2, W2} 7^ 0. Thus we may assume that V2 G S^h^ (^) • Suppose for contradiction that X violates 
the statement, that is, W2 ^ ^(^2[^])- Note that we may choose X such that for no other X' G § 
do we have X C X' or X flX' = 0. By this choice, li\\Y\ = H^^YX If there exists an edge e 
with ends SS^^ (X), we will assume that such an edge is in X. By Lemma 39.W2E i^HiiX) and 
the sets fiiHY and (57/2(^2) —fii) ny are non-empty. Thus ^h2{X) = {v2,W2}- By symmetry 
between V2 and W2, we may assume that 5hi (vi) fl F = 5//2(v2) H Y. Define (pi := (aiAa2) H Y 
and 92 := Pi^Y. Then (pi C 5//2(v2) and 92 ^ &2(^2)- Moreover, C := (piA(j!)2 is a cut of //2 [i'] ■ 
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As there is no (v2,W2) edge in Y, the sets (pi,(p2 are disjoint. Moreover, the sets /32 ny and 
(5^2 (vv2) — Pi) ny are non-empty, thus C is non-empty and C 7^ 5/f2(M^2)- Let // := //2[y]- By 
Lemma [36| there exists a set Z c y such that ^h{Z) C {v2,W2}; ^HiZ) ^ 0; 5/f(v2) n y = (pi; 
and for (p2 = <P2 or (p2 = (p2A5//(w2), 5//(w2) ny = 02- Define := E{Hi) - (ZUloop(//i)). 
Then V7 contradicts Lemma [391 O 



Now we can conclude the proof. We have already considered the case in which, for every 
X G §, ^HiiX) = {v,-,w,}, for i = 1,2. Thus we have that for some X G § and / = 1 or / = 2, 
l^HiiX) n {v„ = 1 and \^H^{X) n {vi,w,}\ = 1. Let Y := X - \oop{Hj), for j = 3 - 
By Claim[Tj \^Hj{X) n {vj,Wj}| = 1 and \yHjiY) n {v;,Wj}| = 1. Thus we may assume that 
vi G ^Hi{X), wi G J^/f, (X), V2 G ^H2{X) and W2 e J^/f2(y). Now suppose that there exists 
X' eE> such that wi G {X'). Let y' : = 1' - loop(//i). As wi G J^//, (X), X is not contained 
in X' and X' is not disjoint from X. As § is non-crossing, by possibly swapping X' with Y', 
we may assume that X' C X. Thus vi ^ J^Hi (X'). Moreover, as W2 G J^/fjl^) ^ we 
have W2 G J^/Zjl^O- Therefore, by the choice of §, V2 G ^h2{X'). Hence X' violates Claim [T] 
This shows that for every X G §, wi ^ e^//j (X). By symmetry between Hi and H2, for every 
X G §, W2 ^ ^HiiX). Moreover, as J^^HiiX) fl {v,-,w/} 7^ 0, for i = 1,2, we have v/ G e^//,.(X) 



for every X G § and / = 1,2. Lemma 26 implies that there exists a w-sequence §' of Hi with 
H2 = Wflip[//i,§'] and that §' is a star of Hi with center v,, for / = 1,2. Let S' = {Yu . . . Jh)- 
For distinct Y^Y' G y and Y' are disjoint. It follows that if /z > 3, then for some y G §, 
Wi ^ J^/f, (y ) , for / = 1,2. Hence Y — loop(//i ) contradicts Lemma 39 Therefore h = I or h = 2 



and (//i,vi,wi, ai,/3i,/f2,vi,W2, 0C2,j82,§') is a quad-template of type II, as required. □ 



Proof of Lemma 34 Suppose that Hi \ loop(//i) is not 2-connected. This is equivalent to H2 \ 
loop(//2) not being 2-connectred, as Hi and H2 are equivalent. For i = 1,2, let T/ be the tree 
of blocks of Hi \ loop(//,;). So the vertices of are partitioned into sets A, and B,;, where A; 
is the set of the cut- vertices and B/ is the set of blocks of \ loop (//,). Note that, as Hi and 
H2 are equivalent, there is a bijection between the vertices in Bi and the vertices in B2. By 
Lemma[5];2), for i= 1,2, G/\loop(G,) does not contain 1- separations. Thus A, C {v/,w,}, for 
/ = 1,2. In particular this implies that at most one vertex in B, is not a leaf of T,, for / = 1,2. 
Hence there exists X G Bi which is a leaf of both Ti and T2- By symmetry between vi and wi, 
we may assume that ^^§Hi {X) = {vi}. Similarly we may assume that ^h2{X) = {vi}- Note that 
|X| > 2, as otherwise X would be a bridge of Gi. 
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If, for / = 1 or / = 2, Wi G VHiiY), for 7 = X or 7 = E{Hi) - (X U loop(//i)), we derive a 
contradiction by Lemma [39} Therefore, by symmetry between Hi and H2, we may assume that 
wi G^Hi(X) andw2^ 

Claim 2. Hi[X]=H2[X]. 



Proof. As i/i and H2 are equivalent and H\ [X] and //2[^] are 2-connected, by Lemma 17 there 
exists a graph // such that: 

• H = Wfl,p[i/i [X],Si] for some w-sequence Si, where vi,wi ^ ^//j (7) for all 7 G Si, and 

• H2[X\ = Wflip[//,S2] for some non-crossing w-sequence S2 such that ^//^ (7) fl {vi, wi} ^ 
0, for all 7 G S2. 

Suppose that S 1 = (7i , . . . , 7^) . Then either 7i or X — 7i is a 2-separation in H\ and (Wnip [H\ , 7i ] , 
vi,wi, ai,/3i,//2, V2,W2, 0^2,^2) is a quad-template which is compatible with T. By Lemma [30} 
proving the statement for a compatible quad-template leads to a proof for the original tem- 
plate. Thus, by repeating this reasoning on 72, ... ,7^, we may assume that Si = 0. Therefore 
H2\X] = Wflip [//i [X] , S] for a non-crossing w-sequence S, where for every 7 G S, ^//j(7) fl 
{vi,wi} 7^ 0. Consider 7 G S. If V2 ^ ^7/2(7), then either 7 or X — 7 is a 2-separation of 
H2 and (//i, vi, wi, ai,/3i,Wfl,p[//2,i^]5 V2, W2,OC2,/32) is a quad-template which is compatible 
with T. Thus we may assume that V2 G 3§m2{Y), for every 7 G S. In particular, this im- 
plies that, for every 7 G S, both 7 and X — Y are 2-separations in H2. As W2 ^ H2[X], we 
have W2 ^ y//2(7), V/Zjl^ ~ every 7 G S. Note that we may assume that, for every 

7 G S, J^i/,. (7), (X - 7) 7^ 0, for / = 1,2, otherwise the Whitney-flip on 7 is trivial and 
may be omitted. As ^Hi{Y) n {vi,wi} 7^ and vi,wi G V/fi(X), either vi,wi G Vf/i(7) or 



VI, wi eVHiiX-Y). By Lemma }39} VI, wi E ^HiiY) and all the sets ain7, (5//i(vi) - tti) n7, 
/3i n7, and (5/fj(wi) — /3i) n7 are non-empty. Fix a minimal 7 G S. We may assume that 
no edge (vi,wi) is in 7. Either a2n7 C 5//j(vi) or 0(2 n7 C 5//j(wi). In the first case, define 
9i = (aiAa2) n7 and 92 = /3i n7. In the second case, define 91 = oci n7 and (p2 = (/3iAa2) n7. 
In both cases, (pi C 5//, (vi) and ^ C (wi). By definition of quad siblings, aiAj8iAa2A/32 is 
a cut of i^i. As /32 n 7 = 0, this implies that C := (aiA/3iAa2) n 7 is a cut of Hi [¥]. As all the 
sets tti n 7, (vi) — tti) n 7, /3i fl 7, and (wi) — /3i) fl 7 are non-empty and there is no 
edge with ends vi and wi in 7, C is a non-empty cut. Moreover, C 7^ 5^^ (wi) and 91 fl (^2 = 0- 



By Lemma 36, there exists Z C 7 such that the following hold: 
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• ^//i(Z)C{vi,wi}; 
. J^H,(Z)^0; 

• 5Hi{vi)nZ = (pi; 

• f or (p2 = cpi or 02 = (P2^5hi (wi), 5//^ (wi) n Z = ^. 



Therefore, for / = 1,2, (G,[Z],E,- flZ) is bipartite and Z is a ^,-separation of G/, where ki < 3. 
By Lemma |5} ki = k2 = 3 and Z is a 3-(0, l)-separation in both (Gi,Ei) and (G2,E2). By 
Lemma 35, (Gi,Ei) and (G2,E2) are A-reducible, a contradiction. We conclude that § = and 
Hi[X]^H2[X]. O 



As X is a leaf of Ti and wi G no block of i/i \loop(i/i) has as boundary {wi}. 

Thus, for every 7 G Bi, (7) = {vi}. Suppose that, for some Y e B2, ^HiiY) = {^2}- Thus 
V2 ^ Vh2{Y), ^Hi{Y) = {vi} and wi ^ Vffi(7), contradicting Lemma [39j It follows that, for 
every Y e B,-, ^H^iY) = {v,}, for / = 1,2. If |Bi| > 3, then for some Y G Bi, w,- ^ ^/fX^^), for 
/ = 1,2, contradicting Lemma 39 Thus Bi = {X, 7} for some set Y, where wi G J^//; (X), W2 ^ 
J^HiiY) and ^//,.(X) = {v/}, for i = 1,2. By Claim|2[ Hi[X] = H2[X]. By symmetry between 
Hi and i/25 we also have Hi[Y] = H2[Y]. In particular this implies that W2 is a vertex of Hi 
and //2 \ loop(//2) is obtained by identifying a vertex jc G V (//i [X]) with a vertex y G [7]). 
Define paths Px and as follows. If jc = vi, let Px be a (wi, vi)-path in Hi [X], otherwise let Px 
be an (.x:, vi)-path in Hi[X]. If y = vi, let Py be a (w2, vi)-path in //i[7], otherwise let Py be a 
(j, vi ) -path in //i [7] . It follows that Px and Py are non-empty and P : = PxUPy is a path of //i . As 
X is an end of Px and y is an end of Py, P is also a path of H2. For / = 1,2, construct a graph /// by 
adding to Hi an edge f2 with ends the ends of P in Note that H[ is now 2-connected, except 
for the possible presence of loops. We show that H[ and Hj are equivalent by showing that they 
have the same cycles. By construction, PUQ. is a cycle in both H[,H'2- Let C be a cycle of H[. 
If ^2 ^ C, C is a cycle of Hi and H2 and we are done. HQ. EC, then C' := CA(/' U f2) is a cycle 
of H[ not using Q., hence it is a cycle of H'2. It follows that C = C'A{P U f2) is a cycle of //j- We 
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conclude that H[,H2 are equivalent. Define a w-sequence for H[ as follows: 



ifx = vi and y = vi 

iX) if X 7^ vi andy = vi 
§:= r 

(y) if ;c = vi and y i^v\ 
(X,y) if X 7^ vi andy 7^ vi- 

Then H'^ = Wflip[//(,S]. For z = 1, 2, if P is (a,Aj8,)-even, define a- := a,-, otherwise set a/ := 
aiAdHi{J^Hi{Y))- With this choice, PU f2 is an (a- A/3/) -even cycle in for i= 1,2. Therefore 
(//(, ajA/3i) and (//j? C(2'^j82) have the same even cycles. Moreover, a,- C 5f^f{vi). It follows that 
T' := (//(, vi,wi, a(,/3i,//27^2,>V2, a2ijS2,S) is a quad-template. Moreover T' is of typelif § = 
and of type II in the other three cases. Let T" := (//i,vi, wi, aJ,j8i,//2, V2,W2, 0C2'i^2)- Then T" 
and T are compatible quad-templates. Let (Gj,Ej) and (Gji^j) (respectively (G'/,Ej) and 
(G2, ^2)) be the quad siblings arising from T' (respectively T")- By Lemma 31 and Lemma 32 



(G^,Lj) and are either shuffle, tilt, twist, widget or gadget siblings. For i = 1,2, 

(Gf,Ef) = (G;,E;) therefore (G'/,E'/) and (G^',E'20 are either shuffle, tih, twist, widget 
or gadget siblings. As T and T" are compatible, the statement follows by Lemma 30 □ 
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